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DTFT Formula and Its Derivation



DTFT Formula

= DTFT

1 S
X[n]=—| X(e")e’”"dw
[n] 27;2{ (e!)

o0

X ()= > x[nle” "

N=—00

- cf) CTFT

X (jo)=| x(e"dt

= Note that in DT case, X(e/¢) is periodic with period
2m and the inverse transform is defined as a integral
over one period



Examples

=  Find the Fourier transforms of

(@) (%)n_ u[n-1]
(b) o[n-1]+o[n+1]

=  Find the inverse Fourier transform of

2j, O<w<r

() X (e™) ={

2], —7<w<0



Derivation of DTFT from DTFS

X[n] X[n]
#_NH 1. H_Nlm """ i ._.HLIH.*

f[n]= Y ae*r
K=(N)

> x[nle "

L1
N

As N — oo, X[n] — X[n]
and the DTFS formula becomes the desired DTFT formula



DTFT of Periodic Functions

Periodic functions can also be represented as
Fourier Transforms

X[n] = Z a e’ «f s X(e!)=2x Z a,o(w—kaw,)

k=<N> k=—c0




Examples

=  DTFT of periodic functions

(a) cosine function
X[n] = cosw,n
(b) periodic impulse train

o0

yInl= . sIn—kN]

k=—o0



Selected Properties of DTFT



Shift in Frequency

JWon

x[n]«—— X (e/""))
(-1)"X[n]«— X (e'")

This property can be used to
convert a lowpass filter to a
highpass one, or vice versa



Differentiation in Frequency

jw
nx[n]«— )jdX(e )
dw




Parseval’s Relation

2dw

i X[n] :%j ‘X(ejvv)

N=—0 2




Time Expansion

For a natural number k, we define

% [n] = X[n/k], 1f nisan integer multiple of k
WES1 o0 otherwise
/ y X[n] ) X3N] \
v Jo J ' r
1 2 3 3486 9
\_ /




Convolution

yin]=xn]*h[n]«——Y (e") = X (¢™)H (")




Multiplication

Y[ = X[l E5Y (€)== [ X, ()X, (1 ")do

= Multiplication in time domain corresponds to the
periodic convolution in frequency domain



Summary of Fourier Series and
Transform Expressions




All the Four Formulas

CT DT
CTFS DTFS
x* c 'k(z—”)n
. x(t)= S aelt X[n]= ) ae""
Periodic ® k;O “ St
(series) | 1 o
Ay =£J‘X(t)e_‘k“)°tdt a =— z x[n]e k()
T T N n=(N)
CTFT DTFT

1 o
- . 1 (= - i — X Jo ja)nd
Aperiodic | X()=—— I_OOX(Jw)e‘ ‘do X[n] 2722[[ (e*)e"dw

(transform) ) | i
X(jow)= Lo x(t)e ' dt X (e/”) = Z x[n]e~ 1"

N=—0o0




Properties

Time Frequency
x[n], x(t) aperiodic & continuous X(e*), X(jw)
x[n], x(t)  periodic < discrete X ('), X(jo)
X[n]  discrete < periodic X(e")
X(t)  continuous < aperiodic X(jo)
CT DT
CTFS DTFS
x(t) = > ae’ x[n] = ;)akejk(z“ﬂ)n
Periodi o | |
S | aeL e o =i 3 e

k =—o0

CTFT

Aperiodic

X(t) = zij”’ X (jw)edao
(transform) d

X(jo)= [ x(t)e '"dt

= X (jw) =27 a,8(w—ke,)

= X(e!’)=2xr Z a,o(w—kawy,)
K

=—00

DTFT
_ 1 jo joon
X[n] = Z I X (e )e dCO

2

o0

X (e¥)= > x[nle "

N=—o0




Dualities

CT DT
CTFS DTFS
° jk()n
o )= S aekat X[n]= ) ae""
Periodic © k;o ‘ =(N)
(series) 1 . 1 ~jk(25)n
a, =— [ x(t)e " 'dt a, =— 2 XnJe "
‘ TJ. © k Nn%
CTFT DTFT
1 o,
XO=-] X(io)e"do | ynj=L [ X (@)’ d
Aperiodic Zﬂim "] 2n5£ (¢ de
(transform) I oo

X(jo) = x(t)e “dt

X ()= > x[nle”’"

N=—o0




Dualities

CT DT
CTES DTFS .
o0 ) X[n]: Z akel Wﬂn
o x(t) = a, ekt 4
Periodic ® k;O ‘ k=(N)
(series) 1 |
— = — Jkayt o
a, = T jX(t)e dt a, :i Z X[n]e—jk(N)n
N n=(N)
CTFT DTFT
1 o
1 po . in _ 1 o~ jon
Aperiodic | XO=2—] X(je)e"do X[n] znix(e )el"d
(transform) i

X(Jo)= jo; x(t)e 1 dt

X ()= > x[nle”’"

N=—0o0




Dualities

CT DT
CTFS DTFS
x* . 'k(z—”)n
. x(t)= S aelt X[n]= ) ae""
Periodic ® k;O “ St
(series) 1 . 1 - ik(3E)n
a, == [ x(t)e 'dt a =— Y x[nle G
= j (t) s k Nﬂ%
CTFT DTFT
1 o
1 ¢ o _ 1 i joon
Aperiodic | XO=2—] X(je)e"do X[n] znix(e )el"d
(transform) i

X(Jo)= jo; x(t)e 1 dt

X ()= > x[nle”’"

N=—0o0




Causal LTI Systems Described
by Difference Equations



Linear Constant-Coefficient Difference
Equations

S a,yIn—k]= b,x[n k]

= The DE describes the relation between the input x[n]
and the output y[n] implicitly

= In this course, we are interested in DEs that
describe causal LTI systems

=  Therefore, we assume the initial rest condition

If X[n]=0for n<n,, then y[n]=0for n<n,




Frequency Response

What is the frequency response H(e') of the
following system?

S a,yIn—k]= b,x[n k]

It is given by

M —ikw
He™) = LR

L
a e

k=0




Example

/
Q) y[n]—% yin-11+2 yin-2] = 240n],
X[n] = (Ejn u[n]. What is y[n]?
\_ 4




Analogy between Differential Equations
and Difference Equations

= Many properties, learned in differential equations,
can be applied to solve interesting problems
described by difference equations

= Fibonacci sequence
» Jp=a,=1
» a,=a,,+a,,(nz2)
» Golden ratio =1.61803



Golden Ratio

= Golden rectangle is said to be the most visually pleasing geometric
form

13
2|3




Golden Ratio

= (Golden rectangle is said to be the most visually
pleasing geometric form

f] 1.618
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