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Pattern Recognition

• Recognition

– To know that          is an 

apple from our knowledge

• Computer vision

– To make useful decision based on sensed 

images

– It depends on visual pattern recognition



Apples



Pattern Recognition

• Pattern classification

– Classify an object into one of m classes

– e.g. Handwritten character recognition

class ‘K’, class ‘i’, class ‘m’

• Pattern verification

– Process of matching an object instance to a single 
class (or rejecting the instance)

– e.g. fingerprint verification systems in laptops
• Contains the information about the fingerprint of the 

owner

• Check whether a fingerprint instance is authentic



Classes

• Class: a set of objects with common properties
– e.g.     Apple, Orange, Grape, Reject

– Reject class: a generic class for objects that cannot be 
placed in any other classes

• Each class is known by some description or by a set 
of examples
– Apple: 

– Orange: round fruits with yellowish or reddish color

• Classification is a process that assigns a class 
label to an object

• Classifier is an algorithm for classification
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Evaluation of Classification Systems

• Classification error
– It classifies an object as class Ci when the true class is 

Cj where i≠j and Ci is not the reject class
• Apple -> Orange: error

• Apple -> Reject: no error 

• Empirical error rate
– The number of errors divided by the number of 

classifications attempted on independent test data

• Empirical reject rate
– The number of rejects divided by the number of 

classifications attempted on independent test data



Evaluation of Classification Systems

• A system that classifies all objects into the 
reject class

– Empirical error rate  = 0%

– Empirical reject rate = 100%

• Independent test data
– A set of sample objects with true class known, including 

objects from the reject class, that were not used in 
designing the feature vector extraction and classification 
algorithms

– Overfitting: algorithm has too good performance on the 
training data but not on independent test data



Lena: overfitting
• For the curious: 'lena' or 'lenna' is a digitized Playboy centerfold, from 

November 1972. Lena Soderberg was last reported living in her native 

Sweden, happily married with three kids and a job with the state liquor 

monopoly. 

• Alexander Sawchuk estimates that it was in June or July of 1973 when 

he, then an assistant professor of electrical engineering at the USC 

Signal and Image Processing Institute (SIPI), along with a graduate 

student and the SIPI lab manager, was hurriedly searching the lab for a 

good image to scan for a colleague's conference paper. They had tired 

of their stock of usual test images, dull stuff dating back to television 

standards work in the early 1960s. They wanted something glossy to 

ensure good output dynamic range, and they wanted a human face. 

Just then, somebody happened to walk in with a recent issue of 

Playboy. The engineers tore away the top third of the centerfold so they 

could wrap it around the drum of their Muirhead wirephoto scanner, 

which they had outfitted with analog-to-digital converters (one each for 

the red, green, and blue channels) and a Hewlett Packard 2100 

minicomputer. 



Evaluation of Classification Systems

• Two class problems

• False positive or false alarm: classifying negative 
objects into the positive class

• False negative or false dismissal: classifying positive 
objects into the negative class

• In ex 3) false positive is OK but false negative is a critical 
issue

Positive class Negative class

ex 1) Fruit quality
assessment

good bad

ex 2) Security Intruder present Intruder absent

ex 3) Diagnosis person has cancer person has not cancer



Evaluation of Classification Systems

• Receiver operating curve (ROC)

– y-axis: the probability of correct detection (or true positive)

= (the number of correctly diagnosed cancer patients)

/(the number of all cancer patients)

– x-axis: the probability of false positives 

= (the number of incorrectly diagnosed persons)

/(the number of all healthy persons) 



ROC Example

• Security Applications

http://www.google.co.kr/imgres?imgurl=http://pressthebuttons.typepad.com/photos/uncategorized/charliebrown.png&imgrefurl=http://theatrenorthcarolina.typepad.com/theatre_north_carolina/2009/03/index.html&usg=__dUCQ-eMq7Hu6WsbEnds8qN2NSCM=&h=559&w=300&sz=21&hl=ko&start=1&tbnid=vOuUGZA0E7OqdM:&tbnh=133&tbnw=71&prev=/images?q=charlie+brown&hl=ko&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://pressthebuttons.typepad.com/photos/uncategorized/charliebrown.png&imgrefurl=http://theatrenorthcarolina.typepad.com/theatre_north_carolina/2009/03/index.html&usg=__dUCQ-eMq7Hu6WsbEnds8qN2NSCM=&h=559&w=300&sz=21&hl=ko&start=1&tbnid=vOuUGZA0E7OqdM:&tbnh=133&tbnw=71&prev=/images?q=charlie+brown&hl=ko&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://pressthebuttons.typepad.com/photos/uncategorized/charliebrown.png&imgrefurl=http://theatrenorthcarolina.typepad.com/theatre_north_carolina/2009/03/index.html&usg=__dUCQ-eMq7Hu6WsbEnds8qN2NSCM=&h=559&w=300&sz=21&hl=ko&start=1&tbnid=vOuUGZA0E7OqdM:&tbnh=133&tbnw=71&prev=/images?q=charlie+brown&hl=ko&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://pressthebuttons.typepad.com/photos/uncategorized/charliebrown.png&imgrefurl=http://theatrenorthcarolina.typepad.com/theatre_north_carolina/2009/03/index.html&usg=__dUCQ-eMq7Hu6WsbEnds8qN2NSCM=&h=559&w=300&sz=21&hl=ko&start=1&tbnid=vOuUGZA0E7OqdM:&tbnh=133&tbnw=71&prev=/images?q=charlie+brown&hl=ko&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://pressthebuttons.typepad.com/photos/uncategorized/charliebrown.png&imgrefurl=http://theatrenorthcarolina.typepad.com/theatre_north_carolina/2009/03/index.html&usg=__dUCQ-eMq7Hu6WsbEnds8qN2NSCM=&h=559&w=300&sz=21&hl=ko&start=1&tbnid=vOuUGZA0E7OqdM:&tbnh=133&tbnw=71&prev=/images?q=charlie+brown&hl=ko&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://pressthebuttons.typepad.com/photos/uncategorized/charliebrown.png&imgrefurl=http://theatrenorthcarolina.typepad.com/theatre_north_carolina/2009/03/index.html&usg=__dUCQ-eMq7Hu6WsbEnds8qN2NSCM=&h=559&w=300&sz=21&hl=ko&start=1&tbnid=vOuUGZA0E7OqdM:&tbnh=133&tbnw=71&prev=/images?q=charlie+brown&hl=ko&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://pressthebuttons.typepad.com/photos/uncategorized/charliebrown.png&imgrefurl=http://theatrenorthcarolina.typepad.com/theatre_north_carolina/2009/03/index.html&usg=__dUCQ-eMq7Hu6WsbEnds8qN2NSCM=&h=559&w=300&sz=21&hl=ko&start=1&tbnid=vOuUGZA0E7OqdM:&tbnh=133&tbnw=71&prev=/images?q=charlie+brown&hl=ko&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://pressthebuttons.typepad.com/photos/uncategorized/charliebrown.png&imgrefurl=http://theatrenorthcarolina.typepad.com/theatre_north_carolina/2009/03/index.html&usg=__dUCQ-eMq7Hu6WsbEnds8qN2NSCM=&h=559&w=300&sz=21&hl=ko&start=1&tbnid=vOuUGZA0E7OqdM:&tbnh=133&tbnw=71&prev=/images?q=charlie+brown&hl=ko&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://pressthebuttons.typepad.com/photos/uncategorized/charliebrown.png&imgrefurl=http://theatrenorthcarolina.typepad.com/theatre_north_carolina/2009/03/index.html&usg=__dUCQ-eMq7Hu6WsbEnds8qN2NSCM=&h=559&w=300&sz=21&hl=ko&start=1&tbnid=vOuUGZA0E7OqdM:&tbnh=133&tbnw=71&prev=/images?q=charlie+brown&hl=ko&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://pressthebuttons.typepad.com/photos/uncategorized/charliebrown.png&imgrefurl=http://theatrenorthcarolina.typepad.com/theatre_north_carolina/2009/03/index.html&usg=__dUCQ-eMq7Hu6WsbEnds8qN2NSCM=&h=559&w=300&sz=21&hl=ko&start=1&tbnid=vOuUGZA0E7OqdM:&tbnh=133&tbnw=71&prev=/images?q=charlie+brown&hl=ko&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://www.supplierlist.com/photo_images/509/AL-101_Mini-Strobe_Light_and_Security_Alarm_.jpg&imgrefurl=http://www.supplierlist.com/product_view/Ching/512/100511/SL-6-12_Strobe_Light_Connects_.htm&usg=__50Az8Tdfk-jzp9SwK5_uDLM2BUU=&h=360&w=360&sz=20&hl=ko&start=38&tbnid=BLFAjK-lH3715M:&tbnh=121&tbnw=121&prev=/images?q=security+alarm&ndsp=20&hl=ko&sa=N&start=20&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://www.supplierlist.com/photo_images/509/AL-101_Mini-Strobe_Light_and_Security_Alarm_.jpg&imgrefurl=http://www.supplierlist.com/product_view/Ching/512/100511/SL-6-12_Strobe_Light_Connects_.htm&usg=__50Az8Tdfk-jzp9SwK5_uDLM2BUU=&h=360&w=360&sz=20&hl=ko&start=38&tbnid=BLFAjK-lH3715M:&tbnh=121&tbnw=121&prev=/images?q=security+alarm&ndsp=20&hl=ko&sa=N&start=20&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://www.supplierlist.com/photo_images/509/AL-101_Mini-Strobe_Light_and_Security_Alarm_.jpg&imgrefurl=http://www.supplierlist.com/product_view/Ching/512/100511/SL-6-12_Strobe_Light_Connects_.htm&usg=__50Az8Tdfk-jzp9SwK5_uDLM2BUU=&h=360&w=360&sz=20&hl=ko&start=38&tbnid=BLFAjK-lH3715M:&tbnh=121&tbnw=121&prev=/images?q=security+alarm&ndsp=20&hl=ko&sa=N&start=20&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://www.supplierlist.com/photo_images/509/AL-101_Mini-Strobe_Light_and_Security_Alarm_.jpg&imgrefurl=http://www.supplierlist.com/product_view/Ching/512/100511/SL-6-12_Strobe_Light_Connects_.htm&usg=__50Az8Tdfk-jzp9SwK5_uDLM2BUU=&h=360&w=360&sz=20&hl=ko&start=38&tbnid=BLFAjK-lH3715M:&tbnh=121&tbnw=121&prev=/images?q=security+alarm&ndsp=20&hl=ko&sa=N&start=20&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://www.supplierlist.com/photo_images/509/AL-101_Mini-Strobe_Light_and_Security_Alarm_.jpg&imgrefurl=http://www.supplierlist.com/product_view/Ching/512/100511/SL-6-12_Strobe_Light_Connects_.htm&usg=__50Az8Tdfk-jzp9SwK5_uDLM2BUU=&h=360&w=360&sz=20&hl=ko&start=38&tbnid=BLFAjK-lH3715M:&tbnh=121&tbnw=121&prev=/images?q=security+alarm&ndsp=20&hl=ko&sa=N&start=20&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://www.supplierlist.com/photo_images/509/AL-101_Mini-Strobe_Light_and_Security_Alarm_.jpg&imgrefurl=http://www.supplierlist.com/product_view/Ching/512/100511/SL-6-12_Strobe_Light_Connects_.htm&usg=__50Az8Tdfk-jzp9SwK5_uDLM2BUU=&h=360&w=360&sz=20&hl=ko&start=38&tbnid=BLFAjK-lH3715M:&tbnh=121&tbnw=121&prev=/images?q=security+alarm&ndsp=20&hl=ko&sa=N&start=20&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://www.supplierlist.com/photo_images/509/AL-101_Mini-Strobe_Light_and_Security_Alarm_.jpg&imgrefurl=http://www.supplierlist.com/product_view/Ching/512/100511/SL-6-12_Strobe_Light_Connects_.htm&usg=__50Az8Tdfk-jzp9SwK5_uDLM2BUU=&h=360&w=360&sz=20&hl=ko&start=38&tbnid=BLFAjK-lH3715M:&tbnh=121&tbnw=121&prev=/images?q=security+alarm&ndsp=20&hl=ko&sa=N&start=20&newwindow=1
http://www.google.co.kr/imgres?imgurl=http://www.supplierlist.com/photo_images/509/AL-101_Mini-Strobe_Light_and_Security_Alarm_.jpg&imgrefurl=http://www.supplierlist.com/product_view/Ching/512/100511/SL-6-12_Strobe_Light_Connects_.htm&usg=__50Az8Tdfk-jzp9SwK5_uDLM2BUU=&h=360&w=360&sz=20&hl=ko&start=38&tbnid=BLFAjK-lH3715M:&tbnh=121&tbnw=121&prev=/images?q=security+alarm&ndsp=20&hl=ko&sa=N&start=20&newwindow=1


ROC Example

• Security Applications

– True positive rate = 7/9

– False positive rate = 1/10
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Evaluation of 

Classification Systems
• Precision vs. Recall

– In document retrieval or 

image retrieval system

– Precision

• The number of relevant 

documents retrieved 

divided by the total number 

of documents retrieved

– Recall

• The number of relevant 

documents retrieved 

divided by the total number 

of relevant documents in 

the database

Precision = 1/8
If there are about 1000 relevant 
documents, Recall = 1/1000



Example: Precision and Recall



Example: Precision and Recall

Precision = 4/7, Recall = 4/10
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Example: Character Recognition System

• Features

– Properties of objects important for recognition

– Feature extraction is was a key issue in designing 

recognition system



Example: Character Recognition System

• Classifier: Decision Tree Approach

– In each node, a decision is made

– In practice, the decision is prone to errors
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Example: Character Recognition System

• Evaluation: Confusion Matrix



Several Approaches to Classificiation

1. Nearest Class Mean

2. Nearest Neighbor

3. Structural Techniques

4. Decision Trees

5. Bayesian Decision Making, and etc

• The combinations of these methods are also 

common



Feature Vectors and Distances

• Feature vector

– Useful features are represented in numbers 

and gathered to form a vector

– ex) In the character recognition system

• Euclidean distance

(# of holes, # of strokes, moment along the best axis)=x

2

1 2 1 2

1

( [ ] [ ])
d

i

i i
=

− = −x x x x



1. Classification Using the Nearest 

Class Mean
• Assumptions

– There are m classes

– There are ni training 

samples for each class

• Scheme

– Compute the Euclidean 

distance between feature 

vector x and the mean of 

each class.

– Choose the closest class if 

close enough; reject 

otherwise



1. Classification Using the Nearest 

Class Mean
• It may yield poor results

• Class 2 is multi-modal
– Use subclasses

• Classes 1 and 3 are 
elongated
– Scaled Euclidean distance 

from x to class mean xc

– Scaling is also necessary 
when comparing different 
physical quantities, such as 
weight and height

( ) 
2

,

1

[ ] [ ] /
d

c c c i

i

i i 
=

− = −x x x x



2. Classification Using the Nearest 

Neighbor
• Assumptions

– There are m classes

– There are ni training 

samples for each class

• Scheme

– Compute the distance to 

each sample

– Choose the class of the 

closest sample

– Computational complexity 

= O(# of all training samples)



2. Classification Using the Nearest 

Neighbor (𝑘-NN)



3. Structural Techniques

• Numeric features may not be enough

– The same centroid

– The same bounding box

– The same number of strokes, etc.

– But, they have different structures

• The upper bays are open to the opposite directions



3. Structural Techniques

• Three A’s with similar structures

• Graph representation



3. Structural Techniques

• Graph matching can be used for classification

– Find the most similar graph

• Structural techniques are useful for recognition 

of complex patterns which involve many sub-

patterns



4. Decision Trees

• Training

– How do you 

construct one from 

training data?

– Entropy-based 

Methods

• Strengths

– Easy to Understand

• Weaknesses

– Overtraining or 

overfitting
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4. Decision Trees

• Example 1



4. Decision Trees

• Example 2

– Which tree is better



4. Decision Trees

• Automatic construction of trees

– Entropy-based construction is one possible 

approach

Node 
What feature 

should be used?

What values?

Training Set S
𝐱1 = (𝑓1

1, 𝑓1
2, … , 𝑓1

𝑚)
𝐱2 = (𝑓2

1, 𝑓2
2, … , 𝑓2

𝑚)
.
.

𝐱𝑛 = (𝑓𝑛
1, 𝑓𝑛

2, … , 𝑓𝑛
𝑚)



4. Decision Trees

• Entropy-based construction

– Entropy of a random variable X

• The amount of information of uncertainty in X

– Mutual information between two random variables X 

and Y

• The amount of information that X contains about Y

1
( ) ( ) log

( )x

H X p x
p x

=

( , )
( ; ) ( , ) log

( ) ( )x y

p x y
I X Y p x y

p x p y
=





4. Decision Trees

• In the above example, at the root node, I(Y;C) is maximum.

• So the computer selects Y as the first feature automatically and 

obtains the left tree

• If the classification is not complete, the same procedure repeats for 

each child nodes.

( ; ) 0.311,   ( ; ) 1.0,   ( , ) 0.0I X C I Y C I Z C= = =



5. Bayesian Decision Making

• Cherry example

– w1: The cherry is OK

– w2: The cherry is bruised



5. Bayesian Decision Making

Conditional PDF 
of luminance of
cherry when 
it is OK

Conditional PDF 
of luminance of
cherry when 
it is bruised



5. Bayesian Decision Making

1 2( ),  ( ): a priori probabilitiesp pw w



5. Bayesian Decision Making

1 2Let us assume that ( ) ( ) 0.5

We decide that the cherry is bruised if ; OK otherwise

Probability of false dismissal = 0.5 the right area

Probability of false alarm =0.5 the left area

Proability of

p p

x t

w w= =







 error = 0.5 (the left area + the right area)

Note that the threshold  is optimalt







5. Bayesian Decision Making

• A Bayesian classifier classifies an object into the class to which it 

belongs most likely, given the observation

• A posteriori probability

– The denominator is the same for all i

– Thus, we can compare only the numerators

– For a priori probabilities are the same for all i, note that we can compare only 

the conditional probabilities p(x|wi). Recall the cherry example.

( , ) ( | ) ( ) ( | ) ( )
( | )

( ) ( ) ( | ) ( )

i i i i i
i

k k

k

p x p x p p x p
p x

p x p x p x p

w w w w w
w

w w
= = =





5. Bayesian Decision Making

• For the conditional probabilities p(x|wi), we often use the normal 

distribution

because of 

– its simplicity

– its analytical properties

2
1 1

( | ) exp
22

i

x
p x


w

 

 − 
= −  

   



5. Bayesian Decision Making

• An apple farmer needs to classify her apples into green ones or red 

ones. Suppose that she has a camera that captures the reddishness 

(x) of an apple. The probability distribution function (PDF) of the 

reddishness of a red apple is given by p(x) and the PDF of the 

reddishness of a green apple is given by q(x).

p x = ൞
1

3
, 2 ≤ x ≤ 5,

0, otherwise.
q x = ቐ

x − 1, 1 ≤ x ≤ 2,
3 − x, 2 ≤ x ≤ 3,
0, otherwise.

For the last decade, she harvested 2 million green apples and 1 

million red apples. 

a. Plot p(x) and q(x).

b. Given the reddishness 1 ≤ x ≤ 5 of an apple, what is the Bayesian or 

maximum a posteriori (MAP) classification rule?

c. In (b), what is the classification error rate? You may provide only the equation 

without the exact computation.

d. What is the maximum likelihood (ML) classification rule?





NEURAL NETWORKS



Terminology

If 𝐰𝑇𝐱 + 𝑤0 > 0 assign 𝐱 to 𝜔1

If 𝐰𝑇𝐱 + 𝑤0 < 0 assign 𝐱 to 𝜔2

• Perceptron or neuron

• Synaptic weights or synapses

• Activation function: e.g. 𝑓 𝑥 = 𝑠 𝑥 (step function)



Nonlinear Classifiers

We deal with problems that are not linearly 

separable



ONE! TWO! THREE!



One-Layer Perceptron

• XOR problem is not linearly separable



One-Layer Perceptron

• AND and OR problems are linearly separable

1-layer perceptron 
implementation



Two-Layer Perceptron

• XOR problem: solve it in two successive phases

– 1st phase (or layer) uses two lines



Two-Layer Perceptron

• XOR problem: solve it in two successive phases

– 2nd phase



Two-Layer Perceptron

• XOR problem: solve it in two successive phases
– 2-layer perceptron (or 2-layer feedforward neural network)

• 𝑔1 𝐱 = 𝑥1 + 𝑥2 −
1

2
= 0

• 𝑔2 𝐱 = 𝑥1 + 𝑥2 −
3

2
= 0

• 𝑔 𝐲 = 𝑦1 − 𝑦2 −
1

2
= 0

−𝟏



Two-Layer Perceptron

• Terminology

– 2-layer perceptron (or 2-layer feedforward neural network)

−𝟏

hidden
layer

output
layer

input
layer

(non-processing)



Two-Layer Perceptron

• Classification capabilities of two-layer perceptron

– 1st layer maps input to vertices of the unit hypercube

𝐻𝑝 = 𝑦1, … , 𝑦𝑝
𝑇
∈ ℝ𝑝: 𝑦𝑖 ∈ 0, 1 for 1 ≤ 𝑖 ≤ 𝑝

– An output of 1st layer corresponds to a polyhedron 



Two-Layer Perceptron

• Classification capabilities of two-layer perceptron

– 2nd layer detects a union of selected polyhedra



Two-Layer Perceptron

• Classification capabilities of two-layer perceptron

Two-layer perceptron can detect a class, which consists 

of a union of polyhedral regions, but not any union of 

such regions



Three-Layer Perceptron

• Classification capabilities of three-layer perceptron

Three-layer perceptron can detect a class, which consists 

of any union of polyhedral regions



Three-Layer Perceptron

• Classification capabilities of three-layer perceptron

– In 2nd layer, for each neuron, the synaptic weights are chosen so 

that the realized hyperplane leaves only one of the 𝐻𝑝 vertices 

on one side and all the rest on the other

– 3rd layer implements OR gate

2nd layer 3rd layer1st layer



Three-Layer Perceptron

• Classification capabilities of three-layer perceptron

– 1st layer detects half-spaces

– 2nd layer detects polyhedra

– 3rd layer detects a class, which is  any union of polyhedra

polyhedron classhalf-space



BACKPROPAGATION 

ALGORITHM



Multilayer Perceptron Design

• Design a multilayer perceptron

– Fix an architecture, and optimize the synaptic weights

– To use the gradient descent scheme, we need a 

continuous activation function

• Logistic function (instead of 𝑠(𝑥))

– 𝑓 𝑥 =
1

1+exp(−𝑎𝑥)



Architecture and Formulation

• 𝐿 layers and 𝑘𝑟 neurons in the 𝑟th layer (𝑟 = 1,… , 𝐿)
– 𝑘0 = 𝑙 nodes in the input layer

– 𝑘𝐿 output neurons

• 𝑁 training pairs, (𝐲 𝑖 , 𝐱 𝑖 ), 𝑖 = 1,… ,𝑁, are available

– 𝐲 𝑖 = 𝑦1 𝑖 , … , 𝑦𝑘𝐿 𝑖
𝑇

– 𝐱 𝑖 = 𝑥1 𝑖 , … , 𝑥𝑘0 𝑖
𝑇

• During training, the actual output ො𝐲(𝑖) is different from 

the desired one 𝐲 𝑖

• Compute the synaptic weights to minimize

𝐽 =

𝑖=1

𝑁

ℇ(𝑖)

ℇ 𝑖 =
1

2


𝑚=1

𝑘𝐿

𝑒𝑚
2 (𝑖) ≡

1

2


𝑚=1

𝑘𝐿

ො𝑦𝑚 𝑖 − 𝑦𝑚 𝑖
2



Definition of Variables

Weight vector for the

𝑗th neuron in the 𝑟th layer

𝐰𝑗
𝑟 = [𝑤𝑗1

𝑟 , 𝑤𝑗2
𝑟 , … , 𝑤𝑗𝑘𝑟−1

𝑟 ]

𝑣𝑗
𝑟 𝑖 = 

𝑘=1

𝑘𝑟−1

𝑤𝑗𝑘
𝑟 𝑦𝑘

𝑟−1(𝑖)



Gradient Descent

𝐰𝑗
𝑟 new = 𝐰𝑗

𝑟 old + ∆𝐰𝑗
𝑟

∆𝐰𝑗
𝑟 = −μ

𝜕𝐽

𝜕𝐰𝑗
𝑟

• Details for subsequent steps are omitted




