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Sampling and Quantization
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FIGURE 2.16 Gienerating a digital image. (a) Continuous image. (b)) A scan line from A to & in the continuous image,
used to illustrate the concepts of sampling and gquantization. (c) Sampling and quantization. {(d) Digital scan line.
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2-D Function

Continuous function (analog image)

flz,y) 1z, y e R

Discrete function (sampled image)

u(m,n) :m,n € 7
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Delta Function in 1-D Discrete Case

Delta function

(5(”):{ 1 ifn=0,

0 otherwise.

Arbitrary function as sum of shifted delta functions

Sampling —p. 4



Delta Function in 2-D Discrete Case

Delta function
d(m,n) =4d(m)-d(n)

Arbitrary function as sum of shifted delta functions

O O

u(m,n) = Z Z u(m,n)o(m —m,n —n)

m=—o0 N=—0X0
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Delta Function in 1-D Continuous Case

Approximate delta function

Loif |z] < €
_ 2€ ’
Olz) = { 0 otherwise.

Delta function

6(x) = lim . (x)

e—0

5, »(X) 8,,,(x) 5(x)

> |
-1/2 1/2 -1/4 1/4 0 Sampling — p. 6




Delta Function in 1-D Continuous Case

Arbitrary function as sum (integral) of shifted delta

functions
- [ @i -
Proof
[Zf@ﬁ@—xﬂx::gﬁ/ iz
Zlﬁ%z—e f“

= flz)
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Delta Function in 2-D Continuous Case

Delta function

0(z,y) = o(z) - 0(y)

Arbitrary function as sum of shifted delta functions

fan) = [ [ #@ -2y - gdady

Sampling —p. 8



Linear Shift Invariant System

u(m,n) — ﬂ >

Linearity

v(m,n)

ui(m,n)| = vi(m,n),

H
Hlus(m,n)| = vo(m,n)
— H:alul (m, TL) -+ CLQUQ(m, n)]

= a1vi(m,n) + asve(m, n)
Shift Invariance

Hlu(m,n)| = v(m,n)

= Hlu(m —m,n—n)] = vim—m,n—n)
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| mpulse Response

Consider an LSI syster such that
H(o(m,n)) = h(m,n)

h(m,n) is called

= Impulse response

= point spread function (PSF)

g Delta function
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Convolution

Given an LSI systeri{ with PSFh(m,n) and an arbitrary
inputwu(m,n), what is the output(m, n)?

Recall that
(m,n) = mzmnzoo w(m, n)d6(m — m,n — i)
Hence
v(m,n) = m_f; n_S_‘oo w(m, 7)6(m — m,n — i)
— m_ioo n_f:oo u(m, n)H[§(m — m,n — )]
— m_f:oo n_f:oo u(m,n)h(m —m,n —n)

=  u(m,n)* h(m,n)
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Convolution Example

v(m,n) =u(m,n) *h(m,n) = ) y: y: u(m,n)h(m — m,n —n)

_ A - 5 -
nl | n
2. B A3 1 -1 =701 i =]
» 1 ro.of — >
m (] m 1 1 m
v(0,0)=2 v(l.0)=-2+5=3

n A&
I 5 5 1
3 106 3 2
S
>
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Convolution of Continuous Functions

flx,p) o h(x,y) > g(x,y)

Convolution

g(z,y) = f(x,y)*h(z,y)
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Fourier Transform

Fourier transform pair

Fe, &) = /_ h /_ T f(@,y) expl—j2m (e + yéa)]dady

flz,y) = /_ /_ F(&1,82) explj2n(x€1 + y&2)]dE1dE2

Fourier transform is an one-to-one mapping from function
space to function space (information preserving).

exp|j2m(x&1 + y&2)]
large¢&; or &; — fast varying inz or y direction

(&1, &) horizontal and vertical frequencies

F (&1, &): the amount of frequency componest,(2),
which is contained withiry (x, y)
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Fourier Transform

Properties of 2-D Fourier Transform

Function Its Fourier Transform
Linearity af(x,y) + bg(z,y) aF'(&,8&) + bG(&, &)
Convolution  f(z,y) * g(z,y) F(&1,6)G (&, &)
Multiplication  f(z,y)g(z, y) F(&,&) * G(&1, &)
Comb function m’gw 5(z — mAz,y — nAy) A;Ay k,:ooo 5(€1 — h—— £ — 1——)
Lowpass filter f(z,y) = sindaz)sing8y) F(&1,8&) = { jﬁ’ ft;‘e;i: 2l < 35

sin Tx

Note: sin¢z) =
T
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Sampling

Bandlimited Images

Fourier Transform of
a bandlimited function

Its region of support

f(x,y) is called bandlimited if

F(&,&) =0 when|&| > & or|&a| > &y

Sampling — p. 16



Multiplying by Comb Function

Sampling on a rectangular grid with spacing, Ay

Comb function

comh(z, y; Ax, Ay) = Z d(x — mAx,y — nAy)

m,n——oo

Sampled imagé,(x, y)

fs(z,y) = f(z,y)comlz,y; Az, Ay)

Z f(mAzx,nAy)d(x — mAzx,y — nAy)

m,n=—o0

Sampling — p. 17



Multiplying by Comb Function

Frequency Domain

F,(&,&%) = (51 &) *]—“OZ/{RISR[comk(x y; Az, Ay)]
_ A:pAy Z F(&,8&) % 6(& — k— 52—1—)
k,l=—o0

= Awy > Fsl—k—,&—l—)

k,l=—o0

Periodic replication of original transform on a grid with
spacing(x-, Al )
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Nyquist Sampling Theorem

o0

1 1 1
F , = F — k_7 —]—
s(€1,82) Aziy Y F(& 82 Ay)
k,l=—o0
A 1 1 1
. y‘ . .(Aa:, Ay) inspace= (x5, ay)
My? in frequency
— > . — Nyquist Sampling Theorem
Fourier
Transform o ) . ) 1
zs = — > 2«
1/Ax Alx
Fourier Transform Fourier Transform §ys = A—y > 20

of Original
g

(0]

1

of Sampled Image

&
20 < 1/Ax Q Q
2 < 1/Ay 1/Ay

&
Lowpass filtering Q Q
1/Ax

1

Perfect reconstruction filter

AzlAy &) < 525 1€2] < 5A7
0 otherwise

H(&1,82) =
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Aliasing

Fourier Transform
of Original

g
B

1/Ay

Si

Fourier Transform
of Sampled Image

&

1/Ax

&

™ Folding (addition) happens between two consecutive replicas of original transform
™ Thus, original transform (and image) cannot be reconstructed

™ For example, lett + b = ¢. Can you recoves andb from c?
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Pre-filtering

Fourier Transform
of Original

]
P 1/Ay

Fourier Transform
of Sampled Image

g,

1/Ax

" Before sampling, use a lowpass filter with cutoff frequeng¢igs c, )

.cm<
.Cy<—
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Pre-filtering

2a' < 1/Ax
2B' < 1/Ay
Fourier Transform Fourier Transform
of Original of Sampled Image
g
. f
1/Ay
h 4 S
5 3
“UAx

™ No aliasing due to pre-filtering
™ Loss of high frequency information

" Pre-filtering is used in some applications because aliasing is unpredictable but the information

loss is predictable.
Sampling — p. 22



Perfect Reconstruction Filter

fs(z,y) = Z f(mAz, nAy)d(z — mAz,y — nAy)

m,n=—o0

1 > 1 1
= Fal€né&) = oo > Fler— k362 =150 ’

k,l=—0o0

AzAy €] < 5a5. 1€l < 5a5
0 otherwise

H(€17£2> —

= h(z,y) = sinc(Aim)sinc(Aiy)

fx,y) = fs(z,y) * h(z,y)

= Y J(nAnnAy)d@—mAzy —nly) xsind -)sing )

m,n=—oo

—mAx, . y—nlAy

— i f(mAx, nAy)sindg v )sind(

Ax Ay )

m,n=—oo
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Nonrectangular Grid Sampling and Interlacing

Image Spectrum

rectangular
sampling

quincunx °

4,

sampling

Sampling resolution can be reduced by a factor of 2 by using quincunx sampling lattice

Sampling — p. 24



Nonrectangular Grid Sampling and Interlacing

Interlacing scan in TV system

i

R A NN

A A L N

#ay e OB =

1
/ n >
X

TV : 2-to-1 interlace scan (sampling iny direction)
field 1 : scan odd numbered lines
field 2 : scan even numbered lines

field 1 field 2

Sampling structure in
verticaltermporal plane
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Practical L imitationsin Sampling
and Reconstruction

Real image signal - not bandlimited
aliasing Is inevitable

Low-pass filtering before sampling
can alleviate aliasing

but attenuate higher spatial frequency
iInformation (image blurring)

Non-ideal reconstruction filter (display or printer)

Sampling — p. 26



Example of Aliasing

Original Signal: f(x) = cos4nx

Bandwidth of the original
signal =2

Nyquist sampling rate

1 1
— >2-2=4, Ax < -
Az 4
By mistake, one assume that

the bandwidth is less than 1.5
and use the sampling distance

_ 1
Aa:—g

Reconstruction filter yields
frequencies higher than 1.5

Aliasing causes totally wrong
reconstruction

Sampling — p. 27



Example of Aliasing (Cont’d)

= Cocentric circles

a
v

High Low
Sampling frequency



Low-pass Filtering

= Aliasing can be alleviated by low-
passing original image before sampling

With pre-filtering Without pre-filtering



Practical Interpolation Filter

|deal filter — SINc function

» not implemetable
» infinite duration
» negative lobe

Repetition or zero-order
holding (ZOH)

Linear interpolation or first-
order holding (FOH)

Quadratic
Cubic spline

Gaussian

-

Sampled
signal

ZOH

FOH




Practical Interpolation Filter

Two-dimensional

One-dimensional Definition interpolation Frequency
interpolation Diagram plx) function response PylEq, 0)
function Patx, ¥} = p(xIpty} Palks. £2)
- ; 1.0
Ax . 1 .
O 1 X Py {x)p,ty) sinc <—>smc< )
Z H E rect (AX) 25;:0 25y0 ~ V’\
_ax 0 Tax S ag =
2 2
A LY . & 1.0
FOH Ax Axm(Ax) - £ £ 2
Py (x)oyly { c( )sinc( )]
1 X104 sin: 25)(0 2£y0
—Ax  Ax P, x) ® p, (x} | 4k e
1 E n+1 1.0
/\ pD(X) @ .. @ Po (X) pn(x)pn (y) [Sinc (_5_1_) sinc (_2)]
EXO EyO

NOH

n convolutions

. 1.0
i 1 —__z_:l 1 [—M] exp [—2n202(82 + £3)]
,GaUSSIan i V21a? exp[ 20? 2n0? P 202 v
P
1.0
1 . X 1 . x N X 3 ) £
Ideal 5 Sinc <§> Ay sinc (Ax)smc (Ay) rect (22)(0 rect (2%0)
erd =
2Ax x0

SSO| uoljewJojul aiow ‘Buiselfe ssa|



ZOH vs FOH

f.(x)
A
Ll
-A 0 A 2A
h,(x) f.(x)*h,(x)
A
A==l
-A/2 A/2
h.(x) f.(x)*he(x)




ZOH vs FOH

0.6/

0.4}

0.2

—_0.2!

B { A i |f] < ﬁ

(). otherwise
sin(w fA)
mf

1 (sin(rfA)\*
A T




Practical Interpolation Filter

* FOH is a good compromise between
Information loss and aliasing suppression

= 2D FOH - bilinear interpolation

/ £ "‘F_'l_ by BT \
/ ‘\7\8
C b ~::7(\// Fip,a)
4\\,[)
Y Fll:ll:-l,q:l' Fi.'pll.ﬂ*T:-
F(p,q)=0-a)(l-b)F(p,q)+bF(p,q+1)]
+a[(1-b)F(p+1q)+bF(p+1q+1)]

\_ /




Example — Step 1. Sampling

LR

FIGURE 2.19 A 1024 = 1024, B-bit image subsampled down wo size 32 % 32 pisels The number of sllowable

grav levels was |-.-.'|"'. it 25h



Example — Step 2. Interpolation (ZOH)

n b e
-|| "L |

FIGURE 2.20 (1) 1024 > 1024, 5-bil image. (b 512 = 312 image resampled into 1024 % 1024 pixels by row and
column duplication, (€) throuwgh (11 256 < 256, 128 = 128, 64 = 64, and 32 = 37 images résampled into
1024 = 1024 pixels



Example —ZOH vs. FOH




Zooming and Shrinking Digital Images

Resolution conversion from (M1,N1) to (M2,N>)
»  M,/M, and N,/N, can be arbitrary

1. Digital-to-Analog conversion (e.g. bilinear interpolation)

2. Resampling
O O O @)

Zooming Case ® ® ® ®

M,/M, = N,/N, = 2/3



Zooming and Shrinking Digital Images

Resolution conversion from (M1,N1) to (M2,N>)
»  M,/M, and N,/N, can be arbitrary

1. Digital-to-Analog conversion (e.g. bilinear interpolation)

2. Resampling
p e Sw S~ SV

Zooming Case ¢ ® ® ¢

M,/M, = N,/N, = 2/3




Zooming and Shrinking Digital Images

Resolution conversion from (M1,N1) to (M2,N>)
»  M,/M, and N,/N, can be arbitrary

1. Digital-to-Analog conversion (e.g. bilinear interpolation)
2. Resampling

¢ 6 6 & o o
® 6 6 o o o
Shrinking Case
M/M,=N,/N,=32 @® @® @ @& @ @
® 6 6 & o o
® 6 6 & o o



Zooming and Shrinking Digital Images

Resolution conversion from (M1,N1) to (M2,N>)
»  M,/M, and N,/N, can be arbitrary

1. Digital-to-Analog conversion (e.g. bilinear interpolation)
2. Resampling

O—O0 00 0
® 66 ¢ o o
Shrinking Case
M/M,=N,/N,=32 ©® @ ® & @& | @
O—O0 109000
® 6,06 ¢ o o




Moiré Effect

= Moiré pattern arises if

» Image contains periodicities that are close to
half the sampling frequencies, and

» reconstruction filter cutoff extends beyond the
Ideal low-pass filter cutoff

» e.g. small display spot size => large cutoff
frequency



Moiré Effect — 1D example

/ Origina signal f(x) = cos2r(0.95)x

I

I

-0.95 0

Sampling: Ax=1/2
Ideal

0.95

/A

__—— | practica

TN

-1.05-0.95 0

Reconstruction g(x) = 0.8 cos2r(0.95)x + 0.75 cos2r(1.05x)

4 4

0.951.05

t 4

-1.05-0.95 0

-

0.951.05

~

Amplitude
modulated
signal



Moiré Effect — 2D Example
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FIGURE 2.24 lllustration of the Moiré pattern effect.
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