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Discrete Fourier Transform (DFT)

= M-point input signal
flz):0<x<M—-1

" Forward transform
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™ Computational load of DFT: approximately M2 additions and multiplications

" Inversetransform

M —
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Terminology

W F(u) = R(u) + jI(u) = |F(u)]e=7®®)
B Magnitude: |F(u)| = (R2(u) + I2(u))2
W Phaseangle: ®(u) = tan—! [1{2((?)]
W Power spectrum: |F(u)|? = R%(u) + I?(u)
W Basisvectors: f(x) = S M F(u) Wy,
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1 1 Wt W2 w3
fQ) — F(0) + F(1) | +FE@ L TFEG s
f(2) 1 W, W, Wy
- f(3) | 1 W w0 WY
™ Describing 4-D space with four basis vectors
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DFT Isa L ossless Representation

w {f(2)} L {F(u)} & {g(2)}, then

g(x) = f(x)



Propertiesof DFT

P1) The extensions are periodic

™ The extension of f is periodic with period M
flz + kM) = f(x)
™ Similarly, the extension of I is periodic with period M

F(u+ kM) = F(u)
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Propertiesof DFT

P2) The DFT of area sequence is conjugate symmetric

"% Conjugate symmetric with respect to zero: F'(u) = F*(—u)
™ F(0) isarea number

M

W If M = 2n, conjugate symmetric with respect to & F(& + u) = F* (£

W F(4)isarea number

M rea numbersin spatial domain are represented also by M real numbersin frequency
domain

— )
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Convolution

Convolution of two M -point sequences f(x) and h(x):

g(z) = f(z)%h()

1 M—1

= 37 X Jtmhta—m
1 M—1

= 37 X @ mim)

% Linear convolution
f(x) =g(x) =0 ifx <Oorz>M

" Circular convolution

f@+kM) = f(a)

g(z + kM) g(x)

Discrete Fourier Transform —p. 7



0 5

Zero padding f(x) and h(x) to make 9-point sequences, then do 9-point circular convolution to obtain

the linear convolution
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P3) Using circular convolution to obtain linear convolution

Conditions
f(x): M-point sequence, f(z) =0ifz <0orxz > M — 1
h(x): N-point sequence, h(x) =0ifx <0orz > N — 1

Then, linear convolution of f(x) and h(x) will generate (M + N — 1)-point sequence,
flx)*xh(x)=0ifz <O0o0rx>M+ N —2

Procedures

1. Zeropadding f(«) and h(x) toyield (M + N — 1)-point sequences f,(x) and hy(z).
2. Obtain (M + N — 1)-point circular convolution of f,(x) and hp(x).
3. Result of Step 2 isequivalent to the linear convolution of f(x) and h(x).
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Propertiesof DFT

P4) Circular convolution theorem

g()

— G(u)

f (@) * hiz) =

F(u)H (u)

D e Fourier Transform —p. 10



Propertiesof DFT

P5) Fast Fourier transform (FFT) isavailable
& Complexity = O(M log M)

™ Circular convolution can be performed fast in the frequency domain using two FFTs and one
|FFT.

™ Hence, linear convolution also can be performed in the frequency domain.
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Propertiesof DFT

P6) Computing inverse transform using forward transform
1. Takethe complex conjugate of the input vector
2. Put theresult of Step 1 into the forward transform as input vector

3. Takethe complex conjugate of the output vector of Step 2 and multiply it by M
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2D DFT

™ Inputimage of size M x N

flz,y):0<z<M—-1,0<y<N-1

" Forward transform

1 1

M—1N—
1 o
PO = i 3 3 fape ) (w2
=0 y=0
| M-1N-
= Wy 2 > KWWy
=0 y=0
" Inversetransform
M—-1N-—-1 ‘
flz,y) = > Flu,v)ed?rlue/MHvu/i)
u=0 v=0
M—-1N-—-1
— Z F —ua:W—vy
u=0 v=0

e—j27r/M)
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Propertiesof 2D DFT

m 2D DFT and IDFT are separable

FIGURE 4.35
Computation of
Fiu.v) the 2-D Fourier
transform as a
series of 1-D

transforms.
1-D 1-D ‘
rowW column
transforms transforms
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Propertiesof 2D DFT

» Trandation

[z, ) W W™ < F(u— ug,v — vp)
f@ =m0,y —y0) = F(u,0)Wy  Wy”

m Especidly, f(z,y)(—1)*"Y < F(u— M/2,v — N/2).
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Propertiesof 2D DFT

All properties of 1D DFT also can be easily generalized to 2D case

™ The extensions are periodic

flx+kM,y+IN) = f(z,y)
Flu+kM,v+IN) = F(u,v)

" The DFT of areal sequence is conjugate symmetric

F(u,v) = F*(—u,—v)
F(M/2+u,N/2+v) = F*(M/2—u,N/2—v)
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Propertiesof 2D DFT

All properties of 1D DFT also can be easily generalized to 2D case
" 2D circular convolution (based on the periodicity)

M—-1N-1

Z fm,n)h(x —m,y —n)

m=0 n=0

9(z,y) = f(z,y) * h(z,y) = L

MN
= G(u,v) = F(u,v) - H(u,v)
" Obtaining linear convolution using circular convolution.
& f(z,y)ofsize M x N
W h(z,y)of izeO x P
1. Zeropadding f and htomake (M 4+ O — 1) x (N + P — 1) images f, and hy,
2. Linear convolution of f and h isgiven by

IFFTop [FFTop [fp] X FFTop 9]
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