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Digital Processing of Continuous-Time Signals

« Digital processing of a CT signal involves three basic
steps
1. Conversion of the CT signal into a DT signal
2. Processing of the DT signal
3. Conversion of the processed DT signal back into a CT signal

Conceptual Block diagram
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T Signal Signal
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Sampling



Sampling

0 « Sampling is a procedure to
extract a DT signal from a
- t CT signals
x[n] « (b), (c), (d) are obtained by
sampling (a)

(b) n

* Is (b) enough to represent
(a)?

« What is the adequate
sampling rate to represent
a given CT signal without
information loss?




In general, DT signal cannot represent CT signal
perfectly

/.

V

Are these sample enough to reconstruct the original blue curve?



Continuous-Time Fourier Transform

CTFT Formulae

— Forward transform
X3(Q) =J x(t)e Mt
— Inverse transform

1 (® .
= — ] jat
x(t) = J_ OOX(]Q)e dQ

We will use a number of properties of CTFT
without proofs

— They are studied in the course Signals and Systems



Periodic Sampling

> C/D

x. (1)

|

xla] =x,(aT)

° C/D (continuous-time to discrete-time) cOnverter

e x|n] =x,(nT), —c0 < n < oo,

— T : sampling period

- Q, = Z?n (or f, = %) : sampling frequency



Periodic Sampling

Conceptually, it is easier to pre s BEREEE 1
introduce an impulse train A |
. ' onversion from
for the C/D conversion : é Cimpulse iy b .
x(0) | x @) | t© discrete-time } x[n] = x(.(n;‘)
| sequence |
A ]
s(t) =Y d(t —nT) o
xS(t) — xC(t)S(t) — T=T,
X, x.(1)
Y X (nT)6(t — nT) ‘("L _|\ '/w) ]/ ’r&\‘\ sl }
2T7-T 0 T 2T t 27 -7 0 T
xs(t) and x[n] have the same (b)
information y %l

E———— e ﬂmﬂ

— Given x[n], we can make x,(t). 432101234 n 43210 1
(c)



* Approximated unit impulse

du, (1) 0<r<A

dt

2

5A(t):

1
A
LO,

otherwise

Unit Impulse:

5@ =lims. (=17 =Y
= 111 =
A0 8 0, %0

2

b
ja(r)dzzl forany a>0 and b > 0.




Frequency-Domain Representation
of Sampling

¢ S(0) = TR0 6(Q - kQy)

¢ XG0 = —X.() * S(Q)

1

= ;Z,‘j’:_ooXc(j(Q — kQy))




Recovery of x,.(t) from x.(t)

S(’)T,;,, 6(t—nT)
If you can recover x.(t) from x,(t), ~()——ro» .
you can recover x.(t) from x[n]. o e e
(a)
X.(jQ)
. . . 1
Recovery is possible through an ideal A
low-pass filter when Qg > 2Qy. £ » -
(b)
LG 0.520,
;sz O Q\ Q
() (Q,- sz\)
H,(jQ)
7| Ov=0:= Q-0
-0, Q. Q
(d)
X, (jQ)
1
&y Qy Q

(e)



Nyquist-Shannon Sampling Theorem

Let x.(t) be a band-limited signal with

Then x.(t) is uniquely determined by its samples x[n]| =
x.(nT), —o < n < oo, if

§) —27T>ZQ
S_T— N-

« 2Qy is called the Nyquist rate.

« Under certain conditions, a CT signal can be completely
represented by and recoverable from samples

* A low-pass signal can be reconstructed from samples, if the
sampling rate is high enough. Because it is a low-pass signal, the
change between two close samples is constrained (or expected).



Recovery of x.(t) from x.(t)

Ideal reconstruction system

Sll’l(? Convert from ) Idteal )

h’T (t) e B — —>{ sequence to > rLC()l}?llreurcnon |
—_ x[n] | | impulse train | x,(7) = | Xr

T | H,(jQ) |

I |

e .

I Sampling I

I period 7' J|

x5 (t)

|
Ng|
38
|
:
=
S,
S,
>
(o )

|

S
~
\—’/

H,(jQ)
”
. g (n(t;nT))
XT (t) — Zn:—OO x[n] (t—nT) 77 a
T i T
(b)




Recovery of x.(t) from x[n]

x.(1)

oo

. q(t —nT)
sm(n )
()= ) xnl—r— i

n=-—0oo T




Summary



$(t) = Xn=—cw 6(t —nT), x5(t) = x(t)s(t)

Xs(jQ) = 2 T0 oo X ((Q — k)

/Rm
1

Ny

Xr (GO = X;GDH, (D), x,(8) = Xn=—oo x[n]

By

H,(j€)

0

WAV

X, (jQ)

0

=20,

-,

i o\ m m

(Q, - n\}

Sin(rc(t—nT))

t(t—nT)




Frequency-Domain Relationship
between x|n] and x.(t)

- Relationship between X(e/¢) and X,(jQ)

w

X() = (i)
X;(JQ) = X(ejQT)

» Recall that X(e’/®) is always periodic



Aliasing



Undersampling Causes Aliasing

« Undersampling: sampling rate is less than Nyquist rate




Undersampling Causes Aliasing

« Rotating disk
— 1 rotation/second

« To avoid aliasing, it should be
motion-pictured with at least 2

frames/s.

0 112 2/12  3/12 4/12 5/12  e/12 7/12 8/12 9/12 10/12  11/12

OLWLOOOOOOOO



Undersampling Causes Aliasing

e 12 frames/s
0 1/12 2/12 3/12 4/12 5/12 6/12 7/12 8/12 9/12 10/12 11/12

OLLWWEOOOOOOOO

&




Undersampling Causes Aliasing

e 6 frames/s
0 1/12 2/12 3/12 4/12 5/12 6/12 7/12 8/12 9/12 10/12 11/12

OO OO0

(O




Undersampling Causes Aliasing

3 frames/s
0 1/12 2/12 3/12 4/12 5/12 6/12 7/12 8/12 9/12 10/12 11/12

O 9 O




Undersampling Causes Aliasing

e 2 frames/s
0 1/12 2/12 3/12 4/12 5/12 6/12 7/12 8/12 9/12 10/12 11/12

O 9




Undersampling Causes Aliasing

e 12/11 = 1.09 frames/s

0 112 2/12  3/12 4/12 5/12 6/12 7/12 8/12 9/12 10/12 11/12

O O
O
O




Examples

e x.(t) = cos(4000mt), T = 1/6000.

X,(jQ) H,(jQ)
T

T ________

m 7| ™ 7T m m

T T : T T : T T
| I
| |

I | | |
~160007 120007 80007 —60007—4000 0 40007 60007 80007 120007  16000m Q

e 1 216(Q)
* cos(Qgt) & (6 (Q— Q) +6(Q+ Q)
* sin(Qyt) <« %(5(9 — Q) —6(Q + Qp))




Examples

e x.(t) = cos(16000nt), T = 1/6000.



Examples

Original Signal: f(x) = cosdnx




DT Processing of CT Signals



C/D and D/C conversions

I
. = |
C/D Discrete-time D/C
system |
JC(.([) : X[I”l] y[l’l] | yr(t)
| 1 1 |
| T T |
e P SN . |
* C/D Relationship between
X(e/) = 2 i . (,- <a) an>> x[n] and x;(2)
= — c A
=N x(e) = %, (i7),

X:(jQ) = X(ejQT)

» D/C

Y, (jQ) = H, (Y (e/97) = {TY(e"“T), ) <

T
0, Otherwise



Overall System

| c/D Disgr:::r-ltlime D/C |
x(t) | x] [ 2 yln] ()

| t t |

| T T |

- |

» Effective Frequency Response Relationship between
_ T x[n] and x4(t)
. H(e/%T), 1] <=

Her (L) = (), 1 r X(ef“’)=xs<fg),

0, Otherwise T

. X:(jQ) = X(ejQT)
* Assumptions

— x.(t) is band-limited

— 2?” satisfies the Nyquist rate



Example 1
/TN

-Qy Qy
N (a) N

1, lw| < w, N
X,(jQ) = X(eT)

0 we<lol<m NN

« H(e/®) =

2@ _m Oy @ 2m
T T T g
(b)
. { X((,jm)
! H(e’) 7 A\ /f ) S H(e'™) 7 A\
| | | _I | | / | \ / \ / | \
=2 -, . 2w -2m T -0, o, ONT f P
(a) _()NT (277 = QNT)
()
| H g () i Y(e/®)
1] 7‘
B & & 1 1
T (b) T 27 —w(.(d) w, 27




Example 2

d |H g (j )
[ ] T — T
Ye(t) = —x.(2) |
(0, n=0
3 s Q
= h[n] = < (—1)n T T
, n*0 LHe (/)
\ nT -z z
K Q
=il e
2
(a)
|H(el®)|
M
| |
—2ar —r T 2 w
LH(el®)
g S
- 3

(b)



Impulse Invariance

x, (1) he (), H.(j€2) ye()

(a)

________________________________

Discrete-time
— 1 /D 2 LTI system > D/C p—t——>
x() x[n] | hlnlHE®) | yn] 13,0 =300
: 1 A |
| T T :
|

Ho(j Q) = H,(j)
(b)

* hin] = Th,.(nT)
* Example

— ldeal lowpass filter h|n] with
cutoff frequency w,



CT Processing of DT Signals



CT Processing of DT Signals

h|n], H(el®)

* It is rarely used, but provides a useful
interpretation of some DT systems

« Main results

. w
H(ef‘“) = H, (j?), lw| <7

H.(jQ) = H(e/9T), Q] < %



Example — Fractional Delay

. H(ej‘”) =e /Y w| <

sint(n — A)
m(n —A)

= h[n] =

P

g - /x(-(f)
d N~ o x[n]
1] 1 H | P

1] o

0 T 2T
(b)



Changing Sampling Rate



Reducing Sampling Rate A\
by an Integer Factor M

sampling rate

-Qy Qy Q
(a)

compressor =
> Y M > SN N
x[n] x4[n] = x[nM] = T
(b)
Sampling Sampling o
period T period T, =MT i
* Time domain <

xgq|n] = x[nM]

* Frequency domain
M-1

Xq(el?) = % Z X(ej(M_T))




Reducing Sampling Rate

X.(jQ)
by an Integer Factor M
N " N
. o . X(e™)
 To avoid aliasing, we need
— X(@Jw) =0 if wy< |(1)| <T /2'”\ . w - /2]71'\ w=0T
- 2
— Wy < H
(M =3)
 Anti-aliasing filter can be used s T I
H y(e')
Lowpass filter l
——>1 Gain=1 > *M —>
x[n] Cutoff = 7/M | X[n] X4[n] =x[nM] ,pl_w 7177 & P 7|— 2177 0=QT
Sampling Sampling Sampling ! () ’
period T period T’ period T,= MT

27 - T 2 w=QT,



Increasing Sampling Rate

by an Integer Factor L

sampling rate

expander
Lowpass filter
— T V& > Gain = L e
x[n] Xc[n] | Cutoff==/L | x;[n]
Sampling Sampling Sampling
period T period T; = T/L period T; = T/L

* Input and output
x[n] = x.(nT)

xi[n] = x, <n %)

* Intermediate signal

n . . .
x.[n] = x[z] if n is a multiple of L
0 otherwise

*  Output in terms of input
o sin m(n — kL)

xinl = ) xlk s

k=—o0 L

X,(j0

)

-2 - T 27 w=QT
(b)
X‘,((”m) 1 X((,/m/.)
1 -
T (L=2)
| | | |
Am 2m _m 7T 2w AT _or w=QT
L L L L L L
(c)
H;(e?)
L
| | | |
2 - T T ™ 2 w=0T;
L L




ldeal and Linear Interpolation Filters

Lowpass filter 1 h [n]
—— T L > Gain = L — ) lin
x[n] x.[n] | Cutoff=m/L | x;[n] - =
1/5
Sampling Sampling Sampling . I [ T
period T period T; = T/L period T, = T/L ._.'T

+ xo[n] = 2o x[K]8[n — kL]

*  xi[n] = xe[n] = hy[n] =X _o x[k]hi[n — kL]
* |deal filter

 Linear filter

=
b= Hyp(e/?)
1- M —L=n<l1l /\k/\l/ \C/\x/\
Rjin [n] = L’ - ' '

. 4= 2 _m T 2 4
0, otherwise 5 75 5




Changing Sampling Rate

by a Noninteger Factor

Interpolator Decimator
" I T |
| Lowpass filter : | Lowpass filter

—{—» tL >  Gain=L : : >  Gain=1 >
x[n] | x.[n] | Cutoff ==/L : xi[n] | | Cutoff=m/M | %[n]
| |
Sampling -——7"——"—""—"""—"—""—"—"————— 4 —————————
period: T T T T
L L L
(a)
Lowpass filter
Gain=L
—| {L > > \M >
x[n] x,[n] | | Cutoff= 130y %,[n]
. min (7/L, m/M)
Sampling
period: T T T ™
L L L

(b)

X.(Q)
20 Oy QO
(a)
X (e
1
T
/l\/\/l\
27 -7 ™ 2w w=QT
(b)
X, (e/)
1 (L=2)
T
\/\A/ \/\/\/
4w 2w ™ 27 . w=QT/L
L L /7 L L L.~ =
(c)
H(e™)
(M=3)
L
| | | |
27 - _m iyt T 2w w=QT/L
M ‘M
(d)
2w - v =QT/L
| cciiie..
=2 - w=QOTM/L




