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Quantization

= Digitization =
» Sampling (coordinate) + quantization (value)
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FIGURE 2.16 Generating a digital image. (a) Continuous image. (b) /3

ine from.A to B in the cg us image,
used to illustrate the concepts of sampling and quantization. (¢) Sampling ait :

fd) Digital scan line.



Quantizer

= A quantizer Q maps a continuous variable u into a
discrete variable Q(u) in {ry, ro, r3, ..., 1}
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= Partition the real line into L cells and map input
values within a cell into a constant ry
» QU)=r, If t,SuU<t,,
» I :reconstruction level
» 1, : transition or decision level
» A =11 Step size



Quantizer Example

= Input-output graph of an 8-level quantizer

Output

A
35A ———

25AF

1.5A

0.5A

% —rr——> Input
054
| sa 3.5A If u>3A,
R y=Q()=:052n-)A if (n-DA<u<nA (n=-2,-1,...,3),
| —3.5A if u<-3A.

=  Uniform quantizer
» EXxcept the outer two cells
¥ t—t=A andr, = (t+t,.,)/2



Lloyd-Max Quantizer

Quantization error: u — ()(u)
Probability distribution of mput: p(u)
Mean square error (MSE)

E=FEl(u—Qu))?] = / " (u — Qu))*p(u)du

Jty

Lloyd-Max quantizer minimizes &,
1.e. 1t 1s the minimum mean square error (MMSE)
quantizer



Lloyd-Max Quantizer — Centroid Condition

MSE
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This is called the centroid (center of mass) condition



Lloyd-Max Quanitzer — NN condition

For fixed r;, s, find the optimum ¢, s

a ik 2
_ £ — z (1 — 7y ij[ u}du
ot "-HL i —1

) L . Elet 1 .
) ) R ) I .
— T (v —rp_1 )" plu)du + (e — rp ) "plu)du 4+ ...
= (tp —rp 1) plty) — (tp — rp) p.fI ) =10
¢ 0 : d | F RN
A f| ride = fla), — f[r;dr = —fla))
fov | . o 4o

i : f y 2
(t5 —'TH—I}J = (tp — 7))
Fl—1 T T
fﬂlx' —
2

This 1s called the nearest neighbor condition
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Design of LIoyd-Max Quantizer

Centroid condition
_ ﬁiu up(u)du
ff?+ ' plu)du

Nearest neighbor condition
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These two conditions are iteratively applied to
obtain the optimal quantizer



Lloyd-Max Quantizer for Uniform Distribution

ty < u <ty 41

plu) "'LII_'!'1'
otherwise
The input has variance cr~ — J. /12, where A =t 1 — t1.
From the centroid condition
TR () d $2 2
F .fsk up\u)au k+1 — Uk ti1 + 1 1)
L = 7 = - — = -
f,;‘ H plu)du 2041 — tr) 2
Also, the nearest neighbor condition is
ri._1 + .
2

By inserting (1) into (2), we have

b +tp—1 + 1 + 1
4
= tp —tp_1 =t —t, = constant = A




Lloyd-Max Quantizer for Uniform Distribution
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The quantization error n = w — @ (w) is uniformly distributed over [—A /2, A /2).

E=FE f 1{31—%
A 12

If the quantization resolution is B bits,

_ A
Thus, SNR is given by
oy
oy A2/12
10logyy — = 10logyy -r.—
& A=/12

— 1{1103,;]“22”:EHBlungzUB (dB)



Lloyd-Max Quantizer for Other Distributions

£0 7
= Notice that the Lloyd-Max

guantizer reduces the
average distortion by
approximating the input
more precisely in regions
of higher probability.

| | | | | | La
. S — N 7, G . > Input

Output

A
2A

AJ_IJ
| | |
A
A

p Input

2A 3A

| —2A



Lloyd-Max Quantizer for Other Distributions

Gaussian: for pixel distribution

1 (—(H — /I )“})
O3 :
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plu) =

Laplacian: for the distribution of differences
between adjacent pixels
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plu) = ;nx]_:(—/\hf — pt])
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where 0° = =

= Look-up table of LIoyd-Max Q is available for these
distributions



K - Means

K-Means Algorithm

Choose k data points to act as cluster
centers

Until the cluster centers are unchanged

e Allocate each data point to cluster
whose center is nearest (NN rule)

* Replace the cluster centers with the
mean of the elements in their clusters
(centroid rule)

End
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