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LTI Systems

* Impulse response

0.0)

yln] = ) x[klh[n - k]

k=—o00
* Frequency response
V(el®) = H(e/*)X (/)
— Magnitude response
Y ()] = [H(e)] - |x(e/)]
— Phase response
2Y(e/®) = £H(e/®) + £X(e/?)

« System function
Y(z) = H(z)X(2)



Phase Response and
Group Delay



Sinusoidal Input

* Assuming that h[n] is real, we have the
Input-output relationship

Acos(won + ¢) ’.— A|H(e/®0)|cos(won + ¢ + 6(wy))

H(e®) = [H(e™)] /o

1. The amplitude is multiplied by |H(e/®)|

2. The output has a phase lag relative to the
input by an amount 8(w) = £H(e’?)



Principal Value of Phase

Phase arg[H(e/®)| = 2H(e/®) .
is not uniquely defined ' J,
Principal value M (
—1 < ARG [H(ejw)] <7 ARG[H(e/)] :
N~/
_ N\~
arg[H(ej“’)] N

= ARG|H(e/®)| + 2nr

S}
[




Group Delay

7(w) = grd[H(e/)] = - 7 {arg[H(e*)]}
ldeal delay system
— h[n] =6|n—ny] = (w) =ny

Linear-phase response is as good as zero-phase
response in most applications

— Ex) A lowpass filter with linear phase

—jon
fio(e) = (7 ol < o
P 0, w, < |lw| <m

Group delay represents the linearity of phase



Group Delay

* Narrowband signal and group delay
— Input: x|[n] = s|n] cos(wyn)
— Linear approximation of phase:
arg[H(ej“’)] ~ —hy — wny
— Output:

yln] = |H(e/0)|s[n — nglcos(won — ¢po — wony)

 |In other words, the time delay of the envelop of
a narrowband signal around w = w, Is given by
the group delay t(w,).
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Group Delay: Example

o x[n] = x3[n] +x4[n—61] + x5[n —122]

* xq[n] = wn]cos(0.2rn), x,[n] = w|n] cos (0.47m — g) , X3|n] =

w|n] cos (0.87m + g)

 win] = 0.54 — 0.46 cos (zér—on), 0<n<60
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Group Delay: Example

o x[n] = x3[n] +x4[n—61] + x5[n —122]

* xq[n] = wn]cos(0.2rn), x,[n] = w|n] cos (0.47m — g) , X3|n] =

w|n] cos (0.87m + g)
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Systems Implemented by
CCDE’s



Constant-Coefficient Difference
Equations

 CCDE

N

M
awyln =kl = ) bexln— k|
k=0 k=0

 (Rational) System Function

(14271)°

(1527)(27)

* EX) H(z) = Corresponding CCDE?



CCDE: Stability and Causality

Stability: ROC contains the unit circle

Causality: ROC is the outside of the outermost
pole

All poles of a causal stable system are inside the
unit circle

z-plane




CCDE: Inverse Systems

H(z)H;(z) =1 or h|n] * h;[n] = §|n]
— The ROC of H;(z) must overlap with that of H(z)

N _
ap Hk=1(1_dkz 1)
bg H%:l(l_ckz_l)

An LTI system is stable and causal and also has a
stable and causal inverse if and only if both poles
and zeros of H(z) are inside the unit circle
(minimum-phase system)

M _
bo [Mx=1(1—cxz™1)
Qo HI]¥=1(1_de_1)

H(z) =

= Hi (Z) —

_ -1
Ex1) H(z) = 1_2:32_1, 1z| > 0.9

-1 _
Ex2) H(z) = f_o_ggj, 1z| > 0.9



CCDE: Impulse Responses

* |IR system: At least one nonzero pole is not
canceled by a zero

1

- ) 6(2) = ——, lz| > a]
* FIR system: H(z) has no poles except at z = 0.
Im z-plane
1—gM+1,-M-1
- Ex) H(z) = 1-az~? . S
o a
/ \
/ TM-order \\
,L/ pole\x \l
\\/ ;cl Re
\ /
\ /
Yo o
\\\\0///




Frequency Responses for
Rational System Functions



H(ej‘“) =

by

h=1(1— ce™@)

Ao Hﬁ’:

1(1 — dke_j“’)

- Magnitude |H(e/®)| =

by

h=1|1 — cre™?]

Ao

 Gain (dB) =

[MTk=111 — dre—7|

b : :
201log;, |a—0| + 2 2010g10|1 — cke_f“)| — Z 2010g10|1 — dke‘f‘“|
0
=1 =

» Phase arg|H(e/?)| =

arg[_]+2k parg| (1_Cke ]w)

— Xk=1arg[ (1 — de™ )]



15t-Order System

(1-ref%e7®)

Gain:
101log,0(1 + 1% — 2rcos(w — 6))

rsin(w—-80)

Phase: arctan ll_rcos(w—m
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15t-Order System
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2"d-Order IR System

e H(z) =

 h|n] =

Unit circle

ritsin[0(n+1)]

sin 6
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3rd-Order IIR System o
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Allpass Systems and
Minimum-Phase Systems



Different Systems with the Same
Magnitude Response

* From now on, we focus on
rational system functions, which
can be implemented by CCDE's

W

L4

* (Let's accept this without proof) If
|H,(e/%)| = |Hy(e/®)|, then

1 1
Hy (2)H; (Z—) = Ho()H; (Z—)
 Note that

1 .
H; (z)H{ (;) ‘z=ej“) = |H1(efw)|2



Different Systems with the Same
Magnitude Response

* Input: H
* Goal: Find G such that |G| = |H|.

. H(z)H*( ) Is shown below. What is G(z)?

Im
z-plane

X P4
x
23 26 Re
XP2
XPs

=~ X

~ o
o 0K 5
A o
O @]
2N N
o [




Allpass Systems

* An allpass system

nas unity magnitude

* Hyp (z) =

Hap(ef‘“)| = 1 for all w

o
| 4

Im

Unit
circle

3

* |In general, for a real-valued impulse response
MC

M,

z7l—d
Hap(2) = | [—F

kL=1 1-— de

g

k

=1

(z7 —ep) (@' — ex)

1(1-ez7H) (1 —epz™1)



Allpass Systems

z7l-qa* : e JW_re=J0
Hap(Z) — 1—az~1 = Hap(e]w) — 1-relPe-Jjw

1 e JW_re—J0 )
ange | —7ejfg—jw = —W — arctan[

r sin(w—0) ]
1-r cos(w—86)

e J®_yre=J0 1-712

~ 1+7r2-27 cos(w—0)
The group delay of a causal, stable allpass
system is always positive
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Minimum-Phase Systems

* A minimum-phase system is a system with all poles and
zeros inside the unit circle

 Any rational system function can be decomposed into
H(z) = Hmin(Z)Hap(Z)

1+3z1

1
__1
1+zZ

 Ex1)H,(z) =

1+§-j% -1 1+§-_j% -1
¢ Ex2) Hy(z) = 222 e 77 )

1-5z—1
3




Minimum-Phase Systems

 Distortion compensation

G(z)
S :
: Distorting Compensating| |
— > system —> system —1—»
sl | Hu@) [sanl| H@) | ] sl
I
| o _____ J

—Hy(z) = Hmin(Z)Hap(Z)
— H.(z) = 1/Hpin(2)
- G(z) = Hap(Z)



Minimum-Phase Systems
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Minimum-Phase Systems

« Among systems with the
same magnitude response, the minimum-
phase system minimizes the group
delay because a allpass
system has a positive group delay



Linear-Phase Systems



Review of Ideal Delay

; i sin t(n—a)

° Hid(e]w) = e /Y%, hid [Tl] — n(n—a)

——————————————————————————————— 1

| |

: > D/C > he (1) > C/D : >

ln] x(t) [ AU | .0 | vln]

i i 1 |

| T T |

[



Linear-Phase Systems

+ H(e!?) = |H(e/”)|e7/ee

—>| |H(e/®)
x|[n]

— e ey
wn] y[n]

(
+ Ex) Hpp(e/®) = 1°

\

What is hy,[n]?

jwa; |CU| < a)C

0, w, < |lw|<m



Generalized Linear-Phase Systems

+ H(e/?) = |H(e/”)]e/ e
generaliz? H(ejw) _ A(ejw)e_j(w“_ﬁ)

— A(e’®): a real function that may have negative
values

* Note it has a constant group delay



Four Typical Types of
FIR Linear-Phase Systems

Type |: hin] = h[M — n], M even

. joM
— H(e/?)=e 2 Z’,:’z/ﬁ alk] cos wk

Type ll: h[n] = h[M —n], M odd

Type lll: hin] = —h|M — n], M even

- H(e/®) = je™ 2 3,75 clk]sin wk

Type IV: hin] = —h|M —n], M odd

Center of
< symmetry
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< sym
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2
(b)
Center of
sym
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FIR Linear-Phase Systems
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Four Typical Types of
FIR Linear-Phase Systems

« Zeroes appear in a quadruple manner
{20,257, 25, (25) 71}
* Intypes | and I
— H(z) =z"MH(z™1) el \ C 7«% :
— Type Il has a zero {/“ O K;J Oom

atz = —1

* |Intypes lll and IV o

)

stele Im  ; blane le i z-plane
“H@ ==zMHETD ey AR
—zeroatz=1 \e| ¥

o) Re W Re
— Type lll has a zero °

atz = —1 1 \Y;




