Problem 5.1.1 Solution

(a) The probability P[X <2,Y < 3] can be found be evaluating the joint
CDF Fxy(x,y) at x =2 and y = 3. This yields

PIX<2,Y<3]=Fxy(2,3)=1-e A -e3) (1)

(b) To find the marginal CDF of X, Fx(x), we simply evaluate the joint
CDF at y = oo.

l1—e® x>0,
0 otherwise.

Fx(z) = Fxy(z,00) = { (2)

(c) Likewise for the marginal CDF of Y, we evaluate the joint CDF at
X = B5.

1— e_y Yy 2 Oa
0 otherwise.

Fy(y) = Fx y(co,y) = { (3)



Problem 5.1.3 Solution

We wish to find Plz1 < X <a3] or Ply1 <Y < yo]. We define events A = {y1 <Y < o}
and B = {y1 <Y < y>} so that

P[AUB]=P[A]+P[B] — P[AB] (1)

Keep in mind that the intersection of events A and B are all the outcomes such that
both A and B occur, specifically, AB = {x1 < X <uxo,y1 <Y <yo}. It follows that

P[AUB]=P[a¢1§X§x2]—f—P[y1§Y§y2]
—Plz1 £ X <22,y1 Y < o] (2)

By Theorem 5.2,
Plr1 £ X <ao,y1 <Y < 9]
= Fx,y(z2,92) — Fxy(x2,y1) — Fxy(®1,¥2) + Fx,y (z1,91) - (3)
Expressed in terms of the marginal and joint CDFs,
P[AU B] = Fx(z2) — Fx(x1) + Fy(y2) — Fy(y1)

— Fxy(xz2,y2) + Fxy(x2,y1)
+ Fxy(x1,y2) — Fxy(x1,y1) - (4)



Problem 5.1.5 Solution

In this problem, we prove Theorem 5.2 which states

Plr1 < X <x2,11 <Y < y2] = Fxy(x2,y2) — Fxy(z2,y1)

— Fxy(z1,y2) + Fxy(x1,y1) . (1)
(a) The events A, B, and C are
Y Y
s A A
oA }’3— Vi
Vi Vi Vi
X X
J‘(; ’ X X i‘? ’ X; X, ’
A B C
(2)
(b) In terms of the joint CDF Fxy(z,y), we can write
P[A] = Fxy(z1,y2) — Fxy(z1,y1), (3)
P[B] = Fxy(z2,y1) — Fx,y(z1,y1) (4)
P[AUBUC] = Fx,y(xz2,y2) — Fxy(x1,y1) - (5)

[Continued]



Problem 5.1.5 Solution (Continued 2)

(c) Since A, B, and C are mutually exclusive,

PI[AUBUC]=P[A]+ P[B]+P[C]. (6)
However, since we want to express

PICl=Plze1 < X <z2,y1 <Y < 9] 7))
in terms of the joint CDF Fxy(x,y), we write
P[C]=P[AUBUC]—-P[A] —P[B]
= Fxy(x2,92) — Fxy(z1,y2) — Fxy(z2,y1) + Fxy (%1,91), (8)
which completes the proof of the theorem.



Problem 5.2.6 Solution

As the problem statement indicates, ¥ =y < n if and only if
A: the first y tests are acceptable, and
B: test y + 1 is a rejection.

Thus P[Y = y] = P[AB]. Note that Y < X since the number of acceptable tests before
the first failure cannot exceed the number of acceptable circuits. Moreover, given the
occurrence of AB, the event X =z < n occurs if and only if there are z — y acceptable
circuits in the remaining n — y — 1 tests. Since events A, B and ' depend on disjoint
sets of tests, they are independent events. Thus, for 0 <y <z <n,

Pxy(z,y) =P[X =2,Y = y]
= P[ABC]
=P[A]P[B]P[C]

—y—1
= p' (1-p) (n é )px_y(l—p)”_y_l‘(”’_y)
M~ —— T — Y
P[A]  P[B] N . g
P[C]
n—y—1\ . n—x
=", pra-er (1)

When all n tests are acceptable, y = 2 =n. Thus Pxy(n,n) = p".



Problem 5.2.8 Solution

The joint PMF of X and K is Pk x(k,x) = P[K = k, X = z], which is the probability that
K =k and X = 2. This means that both events must be satisfied. The approach we
use is similar to that used in finding the Pascal PMF in Example 3.10. Since X can take
on only the two values O and 1, let's consider each in turn. When X = 0 that means
that a rejection occurred on the last test and that the other & — 1 rejections must have
occurred in the previous n — 1 tests. Thus,

n—1

PK,X(kfo)z (]C— 1)(1_p)k_lpn_l_(k_l)(l_p)a k= 1:“‘9”' (1)

When X = 1 the last test was acceptable and therefore we know that the K =k <n—-1
tails must have occurred in the previous n — 1 tests. In this case,

n—1 .
Pgx(k,1) = ( ! )(1 —p)prtRp,  k=0,...,n—1. (2)
We can combine these cases into a single complete expression for the joint PMF.

(2:1)(1_p)kpn_k ;[::O}]{;: 1?23"‘Jn7
Pex(ka) =S (DA -p)fp* 2=1k=0,1,...,n -1, (3)
0 otherwise.



Problem 5.3.4 Solution

For integers 0 < x < 5, the marginal PMF of X is
L x4+ 1

Pxlz) =Y Pxyizy) = >, (1/21) = = (1)
Y y=0
Similarly, for integers 0 <y <5, the marginal PMF of Y is
5 6 — 1y

Pyr(y) =) Pxy(m,y)= ) (1/21)=——. (2)

The complete expressions for the marginal PMFs are

((x4+1)/21 z=0,...,5,
Pelp)— ¢ 3
x (@) \O otherwise, (3)

((6-y)/21 y=0,...,5,
Py = 4 4
v (©) \O otherwise. v

[Continued]



Problem 5.3.4 Solution (Continued 2)

The expected values are

5
z+ 1 70 10
E[X]= ) = T T o1 3 (5)
x=0

> 6—y 35 5

E[Y] :ygoyﬂ:ﬂ:?’. (6)




Problem 5.4.2 Solution

The joint PDF of X and Y is

6e~(2243v) >0,y >0
— - b = ? 1
Jxy @) {O otherwise. 1)
(a) The probability that X > Y is:
Y
A
X>Y 0o
PIX>Y]= / / 6¢~ 2713V 4y da:
Ooo‘ 0]
=/ Fg— (—e_3y yiz) dx
0 =
= / [2¢72% — 2¢°"] dax = 3/5. (2)
0
» X

The probability P[X + Y < 1] is found by integrating over the region where X +Y <
1: [Continued]



Problem 5.4.2 Solution (Continued 2)

Y
A 1 l—2x
I _ PIX+Y< 1]:f / 6¢ (2239 gy dy
X+1< | o, #0
:/ 26_2m = _3y y:é :r] dCC
_/ e~ -2z —3(1—33)] dx
x—3
|> X 26 |0

(b) The event {min(X,Y) > 1} is the same as the event {X >1,Y > 1}. Thus,
P [min(X,Y) > 1] =/ f 6e~ 223 gy dy = ¢~ (213 (4)
1 1
(c) The event {max(X,Y) <1} is the same as the event {X < 1,Y <1} so that

1 1
P [max(X,Y) < 1] = / / 6e= 223 gy dx = (1 — e72)(1 — e73). (5)
0 0



Problem 5.5.1 Solution

The joint PDF (and the corresponding region of nonzero probability) are

Y
A
L2 —-lfwisyil,
— 1
< 1" x Ixy (@) {O otherwise. (1)
1
v
(a)
11—
PIX > 0] = //—dyd:c—/ 12%3;-:1/4 (2)

This result can be deduced by geometry. The shaded triangle of the
X,Y plane corresponding to the event X > 0 is 1/4 of the total shaded
area. [Continued]



Problem 5.5.1 Solution (Continued 2)

(c) Fora>1lorxz< -1, fx(x) =0. For -1 <z <1,

o0 11
Ix@= [ fxy@pdy=[ Sdy=Q1-2)/2.  (3)
—00 x 2
The complete expression for the marginal PDF is
(1—mz)/2 —-1Lg<1,
— =" = 4
fx (@) {O otherwise. L

(d) From the marginal PDF fx(x), the expected value of X is

E[X] = /_O:Oa:fx(a:) dp = %/_11 2(1l —z)de
’, 3|1

75 % 1
4 6

=3 (5)

—1



Problem 5.5.6 Solution

In this problem, the joint PDF is

2lzy|/r* 0Lz +y? <r?

T,Yy)= _ i
Ixy(@y) {0 otherwise. 1)
(a) Since |zy| = |x||y|, for —r < x < r, we can write
00 2 |£U| \Vr?—x?
fx(z) = fxy(z,y) dy = — ly| dy. (2)
i r Y =
Since |y| is symmetric about the origin, we can simplify the integral to
4lx| (V7T 2 |z| T 2| (r2 — 22)
x(z) = |—4/ yiy = 21,2 = - (3)
I 0 r 0 ¥

Note that for |z| > r, fx(xz) = 0. Hence the complete expression for the PDF of X
is
2|x|(r?—2x?)

fx(z) = { 7 —r <& ST (4)

0 otherwise.

(b) Note that the joint PDF is symmetric in 2 and y so that fy(y) = fx(y).



Problem 5.5.9 Solution

(a) The joint PDF of X and Y and the region of nonzero probability are
¥

1A

cy 0<y<z<l,
0 otherwise.

Ixy(z,y) = { (1)

» X
1

(b) To find the value of the constant, ¢, we integrate the joint PDF over all x and y.

0 0 1 x lch

|| rov@pddy=[ [ edyi= [ T

oo ) oo o Jo o 2
31 o

ol "6 (2)

Thus ¢ = 6. [Continued]




Problem 5.5.9 Solution (Continued 2)

(c) We can find the CDF Fx(z) = P[X < z] by integrating the joint PDF over the event
X<z Foraxz<O, Fx(x)=0. Forx>1, Fx(x) =1. For0 <z <1,
Y
]A

Fx(z) = /f< fxy (2. y) dy da’
<z

:// 6y dy' dx’
o Jo

X

= / 3(2)? de’ = 25 (3)

X 0

X Ji
The complete expression for the joint CDF is

0 x<0,
Fy(z) =q2°> 0<x<1, (4)

1 A

[Continued]



Problem 5.5.9 Solution (Continued 3)

(d) Similarly, we find the CDF of Y by integrating fxy(z,y) over the event Y <y. For
y<0, h(y)=0and for y>1, Ii(y)=1. For0<y<1,
Y

1 Fy (y) = / / Ixy (@, y) dy da’
Yy <y

Y 1
= / / 6y’ dx’ dy’
0 Jy

Yy
=/ 6y (1 —y') dy
0

X = 3(y)* —2()°|; = 3y° — 2°. (5)
Ji
The complete expression for the CDF of Y is
0 y < 0,
Fy(y) ={3y?—2y> 0<y<1, (6)
L y > 1.

[Continued]



Problem 5.5.9 Solution (Continued 4)

(e) To find P[Y < X/2], we integrate the joint PDF fxy(x,y) over the region y < z/2.

(7)




Problem 5.6.1 Solution

The key to this problem is understanding that “small order” and “big order’ are syn-
onyms for W = 1 and W = 5. Similarly, "vanilla”, “chocolate”, and ‘“strawberry”
correspond to the events D =20, D = 100 and D = 300.

(a) The following table is given in the problem statement.

vanilla choc. strawberry
small
——— 0.2 0.2 0.2
big
P 0.1 0.2 0.1

This table can be translated directly into the joint PMF of W and D.

Pwp(w,d) | d=20 d=100 d= 300
w= 1 0.2 0.2 0.2 (1)
w=2>5 0.1 0.2 0.1
(b) We find the marginal PMF Pp(d) by summing the columns of the joint PMF. This
yields
(0.3 d =20,
04 d=100
Pp(d) = |« ’ 2
D) =303 4=300, (2)
0 otherwise.

\

[Continued]



Problem 5.6.1 Solution (Continued 2)

(c) To check independence, we calculate the marginal PMF

0.6 =1,
A= Y Reea={07 U] 3)
d=20,100,300 ‘ W=
and we check if Pw p(w,d) = Pp(w)Pp(d). In this case, we see that
Pwp(1,20) = 0.2 # Pw(1) Pp(20) = (0.6)(0.3). (4)

Hence W and D are dependent.



Problem 5.6.5 Solution

From the problem statement, X and Y have PDFs

1/2 0<z<2,
0 otherwise,’

1/5 0<Ly<5,
0 otherwise.

fx(z) = { fy(y) = {

Since X and Y are independent, the joint PDF is

1/10 0<z<2,0<y<5,
0 otherwise.

fxy(zy) = fx(x) fy(y) = {

(1)

(2)



Problem 5.6.8 Solution
Random variables X1 and X» are iiid with PDF

z/2 0<x<L2,
0 otherwise.

fx(x) = { (1)

(a) Since X1 and X» are identically distributed they will share the same
CDF Fy(x).

) 0 z <0,
Fx(@)= [ fx(o/) &' = {s?/4 0<2<2, (2)
1 & 2 2.

(b) Since X7 and X, are independent, we can say that
P[X1<1,Xo<1]=P[X; <1]P[Xs < 1]
1
= Fx, (D P, ) =Fx(W) =7, 3

[Continued]



Problem 5.6.8 Solution (Continued 2)

(c) For W = max(X1, X»),

Fy (1) = P[max(X1,X2) < 1] =P[X; <1,X5 <1]. (4)

Since X7 and X, are independent,
Fy (1) = P [X1 <1]P[X3 < 1] = [Fx(1)]* = 1/16. (5)

(d)

Fyy (w) = P [max(Xy, X5) <w] =P [X; < w, X <w]. (6)

Since X7 and X, are independent,

Fy(w) = P [X1 < w] P [X2 <]
0 w < 0,

= [Fx(w)]? ={w?/16 0<w< 2, (7)
1 w2 2,



Problem 5.6.9 Solution

This problem is quite straightforward. From Theorem 5.5, we can find
the joint PDF of X and Y is

2 X X
fry ey = TEXDWL OO WL _ yo0y ). )
L oY Y

Hence, Fx y(z,y) = Fx(x)Fy(y) implies that X and Y are independent.

If X and Y are independent, then

Ixy(=xy) = fx(x) fy(y). (2)
By Definition 5.3,

Ty
Fxy(z,y) = ]_OO /_OO fx,y(u,v) dvdu

= (/" sxw au) ([* () av)

= Fx(z) Fx(x). (3)



Problem 5.7.8 Solution

(a) Since E[-X5] = — E[X?], we can use Theorem 5.10 to write

E[X1 — Xo] =E[X1 + (—X2)] = E[X1] + E[-X7]
= E [X1] — E[X?]
= 0. (1)
(b) By Theorem 4.5(f), Var[—X5] = (=1)2Var[X5] = Var[X5]. Since X1
and X, are independent, Theorem 5.17(a) says that

Var[X1 — X5] = Var[X1 4+ (=X>5)]

= Var[Xj] + Var[-X>]
= 2 Var[X]. (2)



Problem 5.7.14 Solution

Random variables X and Y have joint PDF
Y

14

2 0s5xyswsl,
0 otherwise.

P ) = { (1)

» X
|

Before finding moments, it is helpful to first find the marginal PDFs. For 0 <z <1,

Fxlin) = /_oo Ixy(z,y) dy = /Odey = i, (2)

Note that fx(z) =0forz<Ooraxz>1. ForO0<y<1,

(o) 1
= [ f@ydo= [ 2d0=20-y). (3)
. by
Also, fory <0 or y > 1, fy(y) = 0. Complete expressions for the marginal PDFs are
2r 0<z<1, 21—9y) 6Lg<i,
fx(@) {O otherwise,fY(y) {O otherwise. )

[Continued]



Problem 5.7.14 Solution (Continued 2)

(a) The first two moments of X are

E[X]=/o<> efx(x) dac=/12a:2da:=2/3, (5)

—00 0

E [X?] 2/00 22 fx (%) dw=/12az3dm=1/2. (6)
—0 0

The variance of X is Var[X] = E[X?] — (E[X])?=1/2—-4/9=1/18.
(b) The expected value and second moment of Y are

1 1

2y3

evl= [ wvwa= [ 2a-pa=r- = ™)
—_00 0

0 1 3 41
E[#=] =/ w2y (y) dy=/0 2y%(1 —y) dy = 2%—% —%- (8)

The variance of Y is Var[Y] = E[Y?] — (E[Y])?=1/6 —1/9=1/18. [Continued]



Problem 5.7.14 Solution (Continued 3)

(c) Before finding the covariance, we find the correlation

1 rx 1
E [XY] :fo /O zmydydx:fo 23dx = 1/4 (9)
The covariance is
Cov[X,Y] =E[XY]-E[X]E[Y] = 1/36. (10)

(d) E[X +Y] =E[X]+E[Y]=2/3+1/3=1
(e) By Theorem 5.12,

Var[X + Y] = Var[X] 4 Var[Y] +2Cov[X,Y] =1/6. (11)






