Problem 6.1.1 Solution

In this problem, it is helpful to label possible points X,Y along with
the corresponding values of W = X — Y. From the statement of Prob-
lem 6.1.1,

Y
PX,Y(xay)
1/14 1/14 3/14
W=-3 1 ¢ W=- o V=1
v§£}42 2/14
— " e =2 .

1 2

® ® ®
3/14 1/14 1/14
W=— w=1 W=

[Continued]



Problem 6.1.1 Solution (Continued 2)

To find the PMF of W, we simply add the probabilities associated with each possible
value of W:

Pw(—3) = Pxy(—2,1) = 1/14, (1)
Pw(—2) = Pxy(—2,0) = 2/14, (2)
Pw(—1) = Pxy(—2,—-1) 4+ Pxy(0,1) = 4/14, (3)
Pw(1) = Px,y(0,—1) + Pxy(2,1) = 4/14, (4)
Pw(2) = Pxy(2,0) =2/14, (5)
Pv[/(3) — PX,Y(Q, 1) = 1/14. (6)
For all other values of w, Pw(w) = 0. A table for the PMF of W is
w | -3 -2 -1 i 2 3

Pu(w) | 1/14 2/14 4/14 4/14 2/14 1/14



Problem 6.2.5 Solution

Since X is non-negative, W = X2 is also non-negative. Hence for w < 0,
fw(w) = 0. For w > 0,

Fy(w) =P [W <w] =P |X? <w
= P [X < w]
zl—e_kﬁ. (1)

Taking the derivative with respect to w yields fy(w) = Ae= V¥ /(2\/w).
The complete expression for the PDF is

e~ MWW
fw(w) =4 2Vw
0

w > 0,
otherwise.

(2)



Problem 6.2.8 Solution

We wish to find a transformation that takes a uniformly distributed ran-
dom variable on [0,1] to the following PDF for Y.

32 0<y<1,
= -7 = 1
fr() {O otherwise. (1)
We begin by realizing that in this case the CDF of Y must be
0O y<O0,
Fy(y) =qy> 0<y<1, (2)
1 otherwise.
Therefore, for 0 <y <1,
PIY <yl =P[g(X) <yl =y (3)
Thus, using g(X) = X1/3, we see that for 0 <y < 1,
Plg(X) <yl =P [X13<y| =P [x <y®| =4° (4)

which is the desired answer.



Problem 6.2.14 Solution

Understanding this claim may be harder than completing the proof. Since
0< F(x) <1, we know that 0 < U < 1. This implies Fy(u) =0 for u <O
and Fy(u) = 1 for u > 1. Moreover, since F(x) is an increasing function,
we can write for 0 <u < 1,

Fy(w) =P[F(X) Sul =P |X <F'(w)| = Fx(F'(w). (D)
Since Fx(x) = F(x), we have for 0 <u <1,
Fy(u) = F(F~(u)) = u. (2)
Hence the complete CDF of U is

0 wu<O,
Fy(u) =qu 0<u<l, (3)
1 u>1.

That is, U is a uniform [0, 1] random variable.



Problem 6.3.6 Solution

(a) The PDF and CDF of T are

(1/200)e~/200 ¢ > Q,
£} = 1
Jr () {0 otherwise, 1)
0 t <0,
FT(t) = {1 o e—t/QOU t 2 0. (2)
You are charged $30 if 7" < 300, which has probability
P[C =30] = P [T < 300] = Fp(300) = 1 — ¢~300/200 — o 777. (3)

(b) First we find the CDF F(c). Since C > 30, Fe{c) = 0 for ¢ < 30. When T > 300
and C > 30, we observe that C = 30 + 0.50(7 — 300). It follows that for ¢ > 30,

Fo(e) =P [C <] =P[30+ 0.5(T — 300) < (]

= P [T < 2¢+ 240] = Fr(2c+ 240). (4)
From the exponential CDF of T,
0 é < 30,
FC(C) — {1 . e—(2c—|—240)/200 ¢ > 30,
0 ¢ < 30,
- {1 o 8—(c+120)/100 c 2 30. (5)

[Continued]



Problem 6.3.6 Solution (Continued 2)

By taking the derivative, we obtain the PDF

(1 — e 3/2)5(c — 30) 4 (1/100)e—(¢+120)/100 > 30
0 otherwise.

fo(c) = { 6)

(c) We could use the PDF of C to write E[C] = ff"oo cfc(e) de but the resulting integral
IS prety messy. A slightly simpler way to do the integral is to view (' as the function

_ _ (30 T < 300,
¢=0)= {30 + (T —300)/2 T > 300. ()
The expected value of C is then
cC1= | e @

_I;DSO o0

= / 30fr(t) dt+ [ [304 (T —300)/2]fr(t) dt
0 300

_ [T l = . i —£/200

- /0 30z (t) dt + 3 300(t 300)755° dt. (8)

[Continued]



Problem 6.3.6 Solution (Continued 3)

With the variable substitution = t — 300, we obtain

1 [/~ 1
E[C] =30+ —/ B g P TS00N200
2 /o 200

= 30+ € f r——e~%/200 gy
o 2

2 00
e—3/2
=30+ 200
= 30 4 100e3/?2 = 52.31. (9)

Note that the last integral equals 200 because its the expected value of an expo-
nential (A = 1/200) random variable. This problem shows that there is a lot of
money in overages. Even though the customer thinks he is paying 10 cents per
minute (300 minutes for $30), in fact his average bill is $52.31 while he uses 200
minutes on average per month. His average cost per minute is actually around
52.31/200, or about 26 cents per minute.



Problem 6.3.11 Solution

A key to this problem is recognizing that W is a mixed random variable.
Here is the mapping from V to W:

¥

i
~ 0.6 -
.

To find the CDF Fy(w) = P[W < w], careful study of the function shows
there are three different cases for w that must be considered: [Continued]



Problem 6.3.11 Solution (Continued 2)

v ' v
0.6 .
| T Lw — :
-— — V e— —»V = —V
:: 0.6 —O.:6 0.6 —06 0.6
— W
/ v / v / v
(@) w< —0.6 (b) —0.6 < w < 0.6 (c) w> 0.6

(a) If w < —0.6, then the event {W < w}, shown as the highlighted range
on the vertical axis of graph (a) corresponds to the event that the
the pair (V,W) is on the gray highlighted segment of the function
W = g(V), which corresponds to the event {V <w}. In this case,
FuAdw) = PV € w] = Bw). [Continued]



Problem 6.3.11 Solution (Continued 3)

(b) If —0.6 < w < 0.6, then the event {W < w}, shown as the highlighted
range on the vertical axis of graph (b) corresponds to the event that
the pair (V,W) is on the gray highlighted segment of the function
W = g(V), which corresponds to the event {V < 0.6}. In this case,
Fy(w) = P[V < 0.6] = Fy(0.67).

(c) If w > 0.6, then the event {W <w}, shown as the highlighted range
on the vertical axis of graph (c) corresponds to the event that the pair
(V,W) is on the gray highlighted segment of the function W = g(V),
which now includes pairs v,w on the horizontal segment such that
w = 0.6, and this corresponds to the event {V <w}. In this case,
Fy(w) = P[V < w] = Fy{w).

We combine these three cases in the CDF [Continued]



Problem 6.3.11 Solution (Continued 4)

(Fy (w) w < —0.6,
Fy (w) = ¢ FV(O.6_) 0.6 <w < 0.6, (1)
kFV(w) w > 0.6.

Thus far, our answer is valid for any CDF Fy(v). Now we specialize the
result to the given CDF for V. Since V is a continuous uniform (—5,5)
random variable, V has CDF

0 v < —b,
Fy(v) =q{(@w+5)/10 —-5<wv <5, (2)
1 otherwise.

The given V causes the case w < 0.6 to split into two cases: w < =5
and =5 < w < 0.6. Similarly, the w > 0.6 case gets split into two cases.
Applying this CDF to Equation (1), we obtain [Continued]



Problem 6.3.11 Solution (Continued 5)

4

0 W < —D,

(w+5)/10 —-5<w < —0.6,

Fy (w) = {0.44 —~0.6 <w < 0.6, (3)
(w+5)/10 0.6 <w < 5,

\1 w > 1.

In this CDF, there is a jump from 0.44 to 0.56 at w = 0.6. This jump of
height 0.12 corresponds precisely to P[W = 0.6] = 0.12.

Since the CDF has a jump at w = 0.6, we have an impulse at w = 0 when
we take the derivative:

(0.1 5 <w < —0.6,
0 _0.6 <w < 0.6,
fw(w) ={0.126(w —0.6) w = 0.6, (4)
0.1 0.6 <w< 5,
O otherwise.

\



Problem 6.3.13 Solution

(a)

(b)

Given Fx(x) is a continuous function, there exists xg such that Fx(zo) = u. For each
value of u, the corresponding zo iS unique. To see this, suppose there were also
x1 such that Fx(x1) = u. Without loss of generality, we can assume x; > xo Since
otherwise we could exchange the points zo and z;. Since Fx(xo) = Fx(x1) = u, the
fact that Fx(z) is nondecreasing implies F'x(x) = u for all z € [xg,z1], i.e., Fx(x) is
flat over the interval [xo,z1], which contradicts the assumption that Fx(z) has no
flat intervals. Thus, for any u € (0,1), there is a unique zp such that Fx(x) = u.
Moreiver, the same xo is the minimum of all ’ such that I'x(z’) > u. The uniqueness
of o such that Fx(z)xo = u permits us to define F(u) = xo = Fy'(u).

In this part, we are given that I'x(x) has a jump discontinuity at zo. That is, there
exists ug = Fx(xg) and ud = Fx(ag) with ug < ud. Consider any w in the interval
[ug,ud]. Since Fx(zo) = Fx(zd) and Fx(z) is nondecreasing,

Fx(z) > Fx(z0) = ugd, x > Zo. (1)
Moreover,
Fx(z) < Fx(z5) = ug, z < T0. (2)

Thus for any u satisfying u; < u < ud, Fx(z) < u for x < xzo and Fx(z) > u for
x> xo. Thus, F(u) = min{z|Fx(x) > u} = xo. [Continued]



Problem 6.3.13 Solution (Continued 2)

(c) We note that~the first two parts of this problem were just designed to show the
properties of F'(u). First, we observe that

P X<z|=P[FWU)<z]|=P|min{2|Fx(2) >U} <4a. (3)

To prove the claim, we define, for any z, the events
A min{2|Fx(2) > U} <, (4)
B: U<XFx(x). (5)

Note that P[A] = P[X <z]. In addition, P[B] = P[U < Fx(z)] = Fx(x) since
Pl[U <wu] =u for any u € [0,1].
We will show that the events A and B are the same. This fact implies

P[X <z] =P[A]=P[B] =P[U < Fx(2)] = Fx (). (6)
[Continued]



Problem 6.3.13 Solution (Continued 3)

All that remains is to show A and B are the same. As always, we need to show
that A C B and that B C A.
e To show A C B, suppose A is true and min{z/|Fx(z') > U} < x. This implies
there exists 2o < z such that Fx(zo) > U. Since z¢ < z, it follows from Fx(z)
being nondecreasing that Fx(xo) < Fx(x). We can thus conclude that

U < Fx(zo) < Fx(x). (7)

That is, event B is true.
e To show B C A, we suppose event B is true so that U < Fx(x). We define the

set
L={a|Fx(z) >U}. (8)
We note = € L. It follows that the minimum element min{z/|2’ € L} < x. That
is,
min {2'|Fx(2') > U} < =, (9)

which is simply event A.



Problem 6.4.4 Solution

(a) The minimum value of W is W = 0, which occurs when X = 0 and
Y = 0. The maximum value of W is W = 1, which occurs when
X=1orY =1. The range of W is Sy = {w|0 <w < 1}.

(b) For 0 <w <1, the CDF of W is

b of
s
W W<w Fyy(w) = P [max(X,Y) < w]
=P[X <wY <l

= /waowfx,Y(%y) dydz. (1)

[Continued]



Problem 6.4.4 Solution (Continued 2)

Substituting fx y(z,y) = x + y yields

Fy(w) = [ [“@+y)dyde

w +y2y=w
=J |+ 5

The complete expression for the CDF is

) dex = /Ow(’wa: -+ w2/2) dr = w>. (2)

y=0

O w < 0,
Fyy(w) =w3 0<w<1, (3)
1 otherwise.
The PDF of W is found by differentiating the CDF.

fw (w) = (4)

dFy (w)  |3w? 0<w<1,
dw 0 otherwise.



Problem 6.4.11 Solution

Although Y is a function of two random variables X and Z, it is not similar to other
problems of the form Y = ¢(X, Z) because Z is discrete. However, we can still use the
same approach to find the CDF In(y) by identifying those pairs (X, Z) that belong to
the event {Y <y}. In particular, since Y = ZX, we can write the event {Y <y} as the
disjoint union
{Y<y}={X<y,Z2=1}U{X 2> -y, Z=-1}. (1)
In particular, we note that if X > —y and Z = —1, then Y = ZX = —X < y. It follows
that
Fy(y) = P[Y <y]

— P[Xéy:zz 1]+P[XZ_Q;ZZ_1]

=PX <yP[Z=1]+P[X > —y]P[Z = —1] (2)

=pP[X <yl+ (1 -p)P[-X <y]

=pP[X <yl+ (1 -p)P[-X <y]

=pP(y) + (1 - p)P(y) = P(y). (3)

Note that we use independence of X and Z to write (2). It follows that Y is Gaussian
(0,1) and has PDF

1 2
— 6_y /2. 4
Ty (y) Nor (4)
Note that what has happened here is that as often as Z turns a negative X into a
positive Y = — X, it also turns a positive X into a negative Y = —X. Because the PDF

of X is an even function, these switches probabilistically cancel each other out.



Problem 6.4.14 Solution

Random variables X and Y have joint PDF

e <aek Y,
0 otherwise.

fX,Y(ma y) = {

(1)

For W =Y — X we can find fy(w) by integrating over the region indicated in the
figure below to get Fy{w) then taking the derivative with respect to w. Since Y > X,

W =Y — X is nonnegative. Hence Fy(w) = 0 for w < 0. For w > 0,

Y

Fv(w)=1—-P[W>w]l=1-P[Y > X 4+ w]

=11 —/ / Ne N dy dx
0 4w

SX<Y<X+w 1 — 2w
X = L
B

w

|
The complete expressions for the joint CDF and corresponding joint PDF are

0 4l L0, 0 w < 0,
FW(’U))Z {1_6—)\10 w>0 f"‘/(’w)z{)\e—Aw w > 0.

(2)

(3)



Problem 6.4.15 Solution

(a) To find if W and X are independent, we must be able to factor the joint density
function fxw(z,w) into the product fx(z)fw(w) of marginal density functions. To
verify this, we must find the joint PDF of X and W. First we find the joint CDF.

Fxw(z,w) =P[X <z, W < ]

=P[X<z,Y - X<w]=P[X<z,V <X +u]. (1)
Since Y > X, the CDF of W satisfies
Fxw(z,w) =P[X <2, X <Y <X +w]. (2)
Thus, for x > 0 and w > 0,
Y
A X<X)INX<Y<X+w) Fy (@, w) =

f N dy da’

:r—l—'w) A’

( AeMEF©) 4 /\e_’w) da!

I
ST

@
— 'f —
—— )\(x+fw)_€ Ax!
(0]

=(1-e?)(1—-e) (3)

[Continued]







