Problem 7.1.8 Solution

(a) The event B; that Y = A/2 + iA occurs if and only if iA < X <
(i + 1)A. In particular, since X has the uniform (—r/2,r/2) PDF

1/r —r/2<x<r/2,
T) = - 1
Ix (@) {O otherwise, (1)
we observe that
(i+1)A 1 A
P[B;] = / Sdp=2= (2)
iA r r
In addition, the conditional PDF of X given B; is
(fx(z)/P[B] e B,
A1) = <
fX|B*( ) kO otherwise,
(1/A iA<z<(i+1)A,
=X . (3)
0 otherwise.

\

It follows that given B;, Z = X-Y = X—-A/2—iA, which is a uniform
(—=A/2,A/2) random variable. That is, [Continued]



Problem 7.1.8 Solution (Continued 2)

1L/, —=AJZL g A2,
0 otherwise.

fz1B,(2) = { (4)

(b) We observe that fZ|Bi(Z) is the same for every i. This implies
f2(2) = 3P [Bil f25,(2) = f215,(2) L P [Bil = fz5, (). (5)

Thus, Z is a uniform (—=A/2,A/2) random variable. From the defi-
nition of a uniform (a,b) random variable, Z has mean and variance

(A/2 - (~A/2))2 _ A2

E|Z] =@, Var[Z] = T 75

(6)



Problem 7.2.6 Solution

Recall that the PMF of the number of pages in a fax is

0.15 x=1,2,3,4,
Px(z) =401 2=5,6,7,8, (1)
0 otherwise.

(a) The event that a fax was sent to machine A can be expressed mathematically as
the event that the number of pages X is an even number. Similarly, the event that
a fax was sent to B is the event that X is an odd number. Since Sy = {1,2,...,8},
we define the set A = {2,4,6,8}. Using this definition for A, we have that the
event that a fax is sent to A is equivalent to the event X € A. The event A has
probability

P [A] = Px(2) + Px(4) + Px(6) + Px(8) = 0.5. (2)
Given the event A, the conditional PMF of X is

Py(z) —_ 03 =24,
Pya(@)= 4P "% _Jos 548, (3)
0 otherwise, o otherwise

[Continued]



Problem 7.2.6 Solution (Continued 2)

The conditional first and second moments of X given A is

E [X14] = 3o Paa(@)

—2(0 3)4+4(0.3) + 6(0.2) + 8(0.2) = 4.6, (4)
E [X?|4] = Zx Pyja(z)
= 4(0.3) + 16(0.3) + 36(0.2) + 64(0.2) = 26. (5)
The conditional variance and standard deviation are
Var[X|A] = E [X?|A] — (E[X|A])? = 26 — (4.6)” = 4.84, (6)
oxja = V/Var[X|A] = 2.2, (7)

(b) Let the event B’ denote the event that the fax was sent to B and that the fax had
no more than 6 pages. Hence, the event B’ = {1,3,5} has probability

P [B] = Px(1) + Px(3) + Px(5) = 0.4. (8)
The conditional PMF of X given B’ is

pX(iﬁ') BI 3/8 xr = la 37
Pyp(@)y=4PB1 “S7 _Jqm g=5 (9)
& CLherwise, 0 otherwise

[Continued]



Problem 7.2.6 Solution (Continued 3)

Given the event B/, the conditional first and second moments are
E [X|B'] ZQ?PJQB (z)
= 1(3/8) +3(3/8) +5(1/4)+ = 11/4,
E [X?|B] =) 2”Pxp(x)
= 1(3/8) +9(3/8) 4+ 25(1/4) = 10.
The conditional variance and standard deviation are
Var[X|B'] = E [X?|B'] — (E [X|B'])? =10 - (11/4)” = 39/16,

ox|B = \x\/ar[X|B’] = V 39/4 ~ 1.56.

(10)

(11)

(12)
(13)



Problem 7.3.4 Solution

(a) First we observe that for n = 1,2,..., the marginal PMF of N satisfies

Py(n) = Z Pnk(n, k)

k=1
n 1
=1-p"TpY =0 -p)*p.
b= ¥

Thus, the event B has probability

PB]= Y Py(n)

=1 -p)°pl1+Q—-p)+(1—p)+-]
= (1-p)°.
From Theorem 7.6,

Pudnk) .k e B
? )

p n, k) = P[B]
N,k |8(1 k) {O otherwise,

[l —pPPyin m=10,11,...:k= 1,cscsm
0 otherwise.

(1)

(2)

(3)

[Continued]



Problem 7.3.4 Solution (Continued 2)

(b)

The conditional PMF Py p(n|b) could be found directly from Px(n) using Theo-
rem 7.1. However, we can also find it just by summing the conditional joint PMF.

Pyip(n) = Y Pnxip(n,k)
k=1
- (l_p)n_lop TL:].O,].].,..., (4)
o

otherwise.

From the conditional PMF Py p(n), we can calculate directly the conditional mo-
ments of N given B. Instead, however, we observe that given B, N = N —9 has a
geometric PMF with mean 1/p. Thatis, forn=1,2,...,

Prip(n) = PN =n+9|B] = Pyjp(n+9) = (1 —p)" 'p. (5)

Hence, given B, N = N’ 4+ 9 and we can calculate the conditional expectations
E[N|B]=E[N'+9/B] =E[N'|B]+9=1/p+9, (6)
Var[N|B] = Var[N’ + 9|B] = Var[N'|B] = (1 —p)/p°. (7)
Note that further along in the problem we will need E[N?|B] which we now calculate.
E [N?|B] = Var[N|B] + (E [N|B])?, (8)
=S+l +e1 (9)

[Continued]



Problem 7.3.4 Solution (Continued 3)

For the conditional moments of K, we work directly with the conditional PMF

PN,K|B(n’ k)
o \n— 10 _ \n—10 1
E [K|B] = Z Zk(l ) — Z a 73 PNk (10)
n=10 k=1 n=10 k=1
Since Y ;_;k=n(n+1)/2,
EKIB = Y. 2= - = SEIV + 1Bl = - +5 (11)

n=1

We now can calculate the conditional expectation of the sum.
E[N + K|B] = E[N|B] + E[K|B]
2
=1/p+9+1/(2p)+5=5 +14 (12)

The conditional second moment of K is

(1—p)" %
E [K?|B] = Z ZkQ ;

n=10 k=1

i

Z (1 p)n—lop Z kQ (13)

n=10

[Continued]



Problem 7.3.4 Solution (Continued 4)

Using the identity Y.7_, k* = n(n+ 1)(2n+ 1)/6, we obtain

E[K2|B Z (n+1)(2n+1)( _p)n—lop

n=10
=6E[(N+1)(2N+1)|B]. (14)
Applying the values of E[N|B] and E[N?|B] found above, we find that
E [N?|B] = E[N|B]
E [K2B] = = c i 15
[|]3+2+3p++3 (15)

Thus, we can calculate the conditional variance of K.

5 f 2
——+6-. (16)
12p2  6p 3

Var[K|B] = E [K?|B] — (E[K|B])? =

To find the conditional correlation of N and K,

E[NK|B] = Z an(l_ p)"p

n—10 k=1

= Z (1L—p)*p Z k. (17)
k=1

n=10

[Continued]



Problem 7.3.4 Solution (Continued 5)

Since Y7 _k=n(n+1)/2,

E(NKIBl= Y ”(n; L)

n=10

1 1 9
= ZE[N(N+1)[B] = = + - +45. (18)
2 P p

(1 —p)" 1%




Problem 7.3.9 Solution

X and Y are independent random variables with PDFs

20 O<sasl,
0 otherwise,

3y° 0<Ly<1,
0 otherwise.

e@ = { =1 (1)
For the event A = {X > Y}, this problem asks us to calculate the conditional expecta-
tions E[X|A] and E[Y|A]. We will do this using the conditional joint PDF fxya(z,y).
Since X and Y are independent, it is tempting to argue that the event X > Y does not
alter the probability model for X and Y. Unfortunately, this is not the case. When we
learn that X > Y, it increases the probability that X is large and Y is small. We will
see this when we compare the conditional expectations E[X|A] and E[Y|A] to E[X] and
E[¥Y].

(a) We can calculate the unconditional expectations, E[X] and E[Y], using the marginal

PDFs fx(z) and fy(y).

E|[X] = /_oo fx(z) de = /01 2x2dx = 2/3, (2)

oo} 1
E[Y] = /_ frly) dy= /O 3y dy = 3/4. 3)

(b) First, we need to calculate the conditional joint PDF ipdf X,Y |Az,y. The first step
is to write down the joint PDF of X and Y

6zy° 0<2<1,0<y<1,
0 otherwise.

(4)

[Continued]

fxy @, y) = fx(@) fr(y) = {



Problem 7.3.9 Solution (Continued 2)
Y
The event A has probability
lA
P[A] = / Ixy(z,y) dydx
x>y
X>Y _ 1/‘”” >
A// —/0 1 Oxy” dy dx
1
o X =/ 2z*dx = 2/5. (5)
0
1
Y
14 The conditional joint PDF of X and Y given A is
Loded)  (z,9) € A
M v ’ ’
Ixvia@y) {O otherwise,
2
={éSxy ogygxgl, 6)
otherwise.
» X
1

The triangular region of nonzero probability is a signal that given A, X and Y are
no longer independent. The conditional expected value of X given A is [Continued]



Problem 7.3.9 Solution (Continued 3)

E [X]4] = / / e o 1D s iy

1 u
= 15/ ac2/ y? dy dx
0 0

=5/01x5dx=5/6. (7)

The conditional expected value of Y given A is

E[Y|A] = / / yfxyia(z,y) dydx

—15/ /ydydx

_Toxd:zz—S/S (8)

We see that E[X|A] > E[X] while E[Y|A] < E[Y]. That is, learning X > Y gives us
a clue that X may be larger than usual while Y may be smaller than usual.



Problem 7.4.13 Solution

The key to solving this problem is to find the joint PMF of M/ and N. Note that N > M.

For n > m, the joint event {M = m, N = n} has probability

m—1 n—m—1
calls calls

e S,
PIM=m,N=n]=Pldd---dvdd-- duv]
=(1-p)" p(1 —p)" ™ p
= (1—p)" *p°.
A complete expression for the joint PMF of M and N is
(1—p)"2p?> m=1,2,...,n—1;
Pyn(m,n) = n=m-+1m-+2, ...,
0 otherwise.

The marginal PMF of N satisfies

n—1
Px(n)= ) (1-p)"?p’=(mn-1)1A-p)"?p*, n=23,....
m=1

(1)

(2)

(3)

[Continued]



Problem 7.4.13 Solution (Continued 2)

Similarly, for m = 1,2,..., the marginal PMF of M satisfies

Py(m)= Y (1-p)" p°
n=m-+1

=p’[A-p)" 4+ (@A —p)™+ -]
— (]_ — p)m_lp. (4)

The complete expressions for the marginal PMF's are

r(l—p)m_lp = Lo B ens
Prr i) = 4 5
n (m) \O otherwise, (5)
(n—1)1-p)"2p2 n=2,3,...,
Par(n) = { 6
() O otherwise. (6

\

[Continued]



Problem 7.4.13 Solution (Continued 3)

Not surprisingly, if we view each voice call as a successful Bernoulli trial,
M has a geometric PMF since it is the number of trials up to and including
the first success. Also, N has a Pascal PMF since it is the number of
trials required to see 2 successes. The conditional PMF's are now easy
to find.

P m,n 1 —p)n—m—1 — 1, +
Py (nlm) = N ( ):{( P) p n=m-+1m-+

Pyr(m) 0 otherwise.

(7)
The interpretation of the conditional PMF of N given M is that given
M =m, N =m-+ N’ where N’ has a geometric PMF with mean 1/p. The
conditional PMF of M given N is

PM?N(m,n)_ 1/(n—1) m=1,...,n—1, (8)
Py(n)  ]oO otherwise.

Given that call N = n was the second voice call, the first voice call is
equally likely to occur in any of the previous n — 1 calls.

Pyyv(min) =



Problem 7.4.14 Solution

(@)

(b)

The number of buses, N, must be greater than zero. Also, the number of minutes
that pass cannot be less than the number of buses. Thus, P[N =n,T =] > 0 for
integers n,t satisfying 1 <n <.

First, we find the joint PMF of N and 71" by carefully considering the possible sample
paths. In particular, Pyvr(n,t) = P[ABC] = P[A] P[B] P[C] where the events A, B
and C are

A = {n — 1 buses arrive in the first t — 1 minutes}, (1)
B = {none of the first n — 1 buses are boarded}, (2)
C = {at time t a bus arrives and is boarded}. (3)

These events are independent since each trial to board a bus is independent of
when the buses arrive. These events have probabilities

Pla] = (17 )t —py e, (4)
P[Bl=(1-¢)" ", (5)
P [C] = pq. (6)

Consequently, the joint PMF of N and T is

() l—-p)PA-9)" g u=1t>n

n—1

0 otherwise.

Pyt(n,t) = { (7)

[Continued]



Problem 7.4.14 Solution (Continued 2)

(c) It is possible to find the marginal PMF’s by summing the joint PMF. However, it
iIS much easier to obtain the marginal PMFs by consideration of the experiment.
Specifically, when a bus arrives, it is boarded with probability ¢q. Moreover, the
experiment ends when a bus is boarded. By viewing whether each arriving bus is
boarded as an independent trial, N is the number of trials until the first success.
Thus, N has the geometric PMF

(1—g)» ¢ n=1,2,...
0 otherwise.

Pr(n) = { (8)

To find the PMF of T, suppose we regard each minute as an independent trial in
which a success occurs if a bus arrives and that bus is boarded. In this case, the
success probability is pg and T is the number of minutes up to and including the
first success. The PMF of T is also geometric.

(1-p)~tpg t=1,2,...
Pr(t) = °
r(t) {O otherwise. (9)
(d) Once we have the marginal PMFs, the conditional PMFs are easy to find.
PNT(n,t)
R )y = —2—1~=
N|T(n| ) Pr(t)
A = H1op T (1)
S \n—1/\ 1-pq 1—pq '

[Continued]



Problem 7.4.14 Solution (Continued 3)

That is, given you depart at time 7" = ¢, the number of buses that arrive during

minutes 1,...,t — 1 has a binomial PMF since in each minute a bus arrives with
probability p. Similarly, the conditional PMF of 7' given N is
PNT(n,t)
PTN tin) = —
) ==
t—1 .
=( " pra-p (11)
n—1

This result can be explained. Given that you board bus N = n, the time 7" when
you leave is the time for n buses to arrive. If we view each bus arrival as a success
of an independent trial, the time for n buses to arrive has the above Pascal PMF.



Problem 7.5.5 Solution

Random variables N and K have the joint PMF

1007e-100 k = O, 1? ..,
Pvi(nk)=<¢ tD'  pn=0,1,..., (1)
0 otherwise.

(a) We can find the marginal PMF for N by summing over all possible K. For n > 0,

n 100??,6—100 B 100ne—100
£ (n+ 1) n!

We see that N has a Poisson PMF with expected value 100. For n > 0, the
conditional PMF of K given N =n is

Pn(n) = (2)

PNK(n,k) 1/(n—|—1) k=0,1,...,n,

P N k —_— - = . 3
v (k[n) Pn(n) 0 otherwise. (3)

That is, given N = n, K has a discrete uniform PMF over {0,1,...,n}. Thus,
E[KIN=n]=) k/(n+1)=n/2. (4)

k=0
(b) Since E[K|N =n] = n/2, we can conclude that E[K|N] = N/2. Thus, by Theo-
rem 7.13,

E [K] = E[E[K|N]] = E[N/2] = 50, (5)

since N is Poisson with E[N] = 100.



Problem 7.5.9 Solution

Since 50 cents of each dollar ticket is added to the jackpot,
N;
.]z'_1 — J?;—I——. (1)
2
Given J; = j, N; has a Poisson distribution with mean j. It follows that E[N;|J; = j] = j
and that Var[N;|J; = j] = j. This implies
E [NZ|J; = j] = Var[Ny|J; = j] + (E [Ni|J; = 5])?
= j + 52 (2)
In terms of the conditional expectations given J;, these facts can be written as
E[Ni|Ji] = J; E [N?|J;] = J; + JZ. (3)

This permits us to evaluate the moments of J;_1 in terms of the moments of J;. Specif-
ically,

1 Ji  3J;
E [Ji—1|Ji) = E [Ji|Ji] + B E [N:i|Ji] = Ji + 55" (4)
Using the iterated expectation, this implies
3
E[Ji1] = B[E [Jia| S]] = S E ] (5)

We can use this the calculate E[.J;] for all i. Since the jackpot starts at 1 million dollars,
Jo = 10°% and E[Jg] = 10°. This implies

E[J;] = (3/2)°*10° (6)
[Continued]



Problem 7.5.9 Solution (Continued 2)

Now we will find the second moment E[J?]. Since

JZ, = J? + NiJ; + N? /4, (7)
we have
E [J21|Ji] = E [J2|J:] + E [N:iJi|Ji] + E [N?|Ji] /4
= J2 4 LE[N:| ] + (Ji + J?) /4
= (3/2)%J7 + Ji/4. (8)
By taking the expectation over J; we have
E[J21] = 3/2)%E [J7] +E[J]/4 (9)
This recursion allows us to calculate E[J?] for i = 6,5,...,0. Since Js = 10°, E[JZ] =

1012, From the recursion, we obtain
E [72] = (3/2)2E [72] + E [Je] /4

= (3/2)%10%% 4 %106, (10)
E[J] = (3/2)%E [JZ] + E[Js] /4

= (3/2)*10" + 7 [(3/2)° + (3/2)] 10° (1)
E[J3] = (3/2)%E [J7] + E[Ja] /4

= (3/2)°10" + 1 [(3/2)" + (3/2)° + (3/2)7] 10°. (12)

[Continued]






