Problem 8.2.5 Solution

We find the marginal PDFs using Theorem 5.26. First we note that for z < 0, fx(z) = 0.

For 1 > O,

Ix, (1) =f (/ g = da:g) dxo 2/ e 2 dro = e,

Similarly, for o > 0, X2 has marginal PDF

o o0 ]
fx,(x2) = / (/ e d:r;:;;) dri = / e " dx1 = xoe™ "
0 o 0

Lastly,

fx.(x3) :f (/ e " d:cg) dx
0 xry

€T3
= / (x3 — x1)e ™ dx1
0

1

5 Xr1=x3 1
= ——(x3 —x1)%e ™
(23— 21)

3?1:0

(1)

(2)

(3)

[Continued]



Problem 8.2.5 Solution (Continued 2)

The complete expressions for the three marginal PDFs are

€ " @y 2 0,
= — 4
fxa(@1) {0 otherwise, )
Foe 2  Zz > Oy
X — " 5
fx(22) {O otherwise, 5)
(1/2)z3e™™ 13> 0,
_ = 6
fx.(@3) {o otherwise. 6)

In fact, each X; is an Erlang (n,\) = (i,1) random variable.



Problem 8.3.4 Solution

Let A denote the event X, = max(Xi,...,X,). We can find P[A] by conditioning on
the value of X,,.

P[A] =P [X1 < X, X2 < X, -+, Xy £ X

o0
- / P [Xl < X"'L)XQ < Xn, T 7Xn—1 e X71|X‘n = x] fYn(x) dx
—00

=/OOP[X1<a¢,X2<:Jc,--- X1 €& X = 2] fxla) da. (1)
—0o0
Since Xi,...,X,-1 are independent of X,
P[A]=/OOF’[X1<£IZ,X2<:U,-~,Xn_1<x]fx(x) dx. (2)
—0o0
Since Xi1,...,X,-1 are iid,

P[A]=/ooP[Xlgx]P[ngac]---P[Xn_lSa:]fx(ac) dx
T =La-o (3)

n

= / @I (@) do = [Fx @)

o0

Not surprisingly, since the X; are identical, symmetry would suggest that X,, is as likely
as any of the other X; to be the largest. Hence P[A] = 1/n should not be surprising.



Problem 8.5.4 Solution

This problem is just a special case of Theorem 8.11 with the matrix A
replaced by the row vector a’ and a 1 element vector b =56 = 0. In this
case, the vector Y becomes the scalar Y. The expected value vector
py = [py] and the covariance “matrix” of Y is just the 1 x 1 matrix
[a%,]. Directly from Theorem 8.11, we can conclude that Y is a length
1 Gaussian random vector, which is just a Gaussian random variable. In
addition, uy = a’ux and

Var[Y] — Cy = a'CXa. (1)



Problem 8.5.6 Solution

(a) Since the matrix is always symmetric, we need to make sure that Cy
IS positive definite. From first principles, we can find the eigenvalues
of C by solving

det (C —AI) = (67 —A)(05 —\) — 1 =0. (1)
Equivalently
A2 — (02 + 03)A + (0203 — 1) = 0. (2)

By the quadratic formula,

a% + a% + \/(a% + 03)2 — 4(0%0% —-1)
5 :

(3)

Some algebra yields

20%4—0%:&\/(0%—0%)24—4
5 .

A

(4)
[Continued]



Problem 8.5.6 Solution (Continued 2)

For both roots to be strictly positive, we must have

(0F +03)* > (01 —03)° + 4, (5)
which occurs if and only if 0503 > 1.

Note you get this same answer if you check the requirement that the
correlation coefficient of X; and X, satisfies p2 < 1.
(b) Y7 and Y> are jointly Gaussian, so they are independent if they have

zero covariance. To check the covariance, we calculate the covariance
matrix

_ y_ 1 1]fe? 1]f1 1
Cy =ACxA = ] —1] [1 o5l |1 -1
__0%4—054—2 0%—0%

| o2-o3 oto3-2|

Thus Y7 and Y5 are independent if [Cylip = 0% — 03 = 0.

(6)



Problem 8.5.12 Solution

T he difficulty of this problem is overrated since its a pretty simple appli-
cation of Problem 8.5.11. In particular,
1 |1 -1
-Hh

Q=
0=45° v2 [l 1
Since X = QY, we know from Theorem 8.11 that X is Gaussian with
covariance matrix

Cx = QCyQ’
141 —-1{{14p O | 1 |1 1
/21 1 0 1-ply2]|-11

cosf —sind
sin® cosé

= | P]. (2)



Problem 8.5.13 Solution

As given in the problem statement, we define the m-dimensional vector X, the n-

; !
dimensional vector Y and W = E,] . Note that W has expected value

me=ewi=e [/ = [E]]] = ]
The covariance matrix of W is
Cw = E [(W — pw)(W — pyy)’]

— & |3 i =m0 vy

— [E [(X — px)(X — px)] E[(X—px)(Y - F"Y)’]} _ { Cx CXY] '

EN(Y —puy)(X—px)]T EN(Y —py)(Y —py)] Cyx GCy

The assumption that X and Y are independent implies that

Cxy = E [(X — px)(Y' — py)] = (E[(X — px)] E [(Y' — py)] = 0.
This also implies Cyx = Cy = 0’. Thus

Cx 0
CW:[oz( Cy

(1)

(2)

(3)

(4)



Problem 8.5.14 Solution

(a)

(b)

If you are familiar with the Gram-Schmidt procedure, the argument is that applying
Gram-Schmidt to the rows of A yields m orthogonal row vectors. It is then possible
to augment those vectors with an additional n — m orothogonal vectors. Those
orthogonal vectors would be the rows of A.

An alternate argument is that since A has rank m the nullspace of A, i.e., the set
of all vectors y such that Ay = 0 has dimension n —m. We can choose any n —m
linearly independent vectors yi,y2,...,¥n—m in the nullspace A. We then define A’

to have columns y1,y2,...,¥Yn-m. It follows that AA’ = 0.
To use Theorem 8.11 for the case m = n to show

- Y A

7= H _ M X. (1)
IS a Gaussian random vector requires us to show that

— A A

A= M = LKC;S] (2)

is @ rank n matrix. To prove this fact, we will suppose there gxists w such that
Aw = 0, and then show that w is a zero vector. Since A and A together have n
linearly independent rows, we can write the row vector w’ as a linear combination
of the rows of A and A. That is, for some v and v,

w = vt'A + VA, (3)
[Continued]



Problem 8.5.14 Solution (Continued 2)

The condition Aw = 0 implies

s e = ]
This implies

AA'v + AA'v =0, (5)

ACx'Av + AC{'A'v = 0. (6)

Since AA’ = 0, it follows that AA’v = 0. Since A is rank m, AA’ is an m x m rank
m matrix. It follows that v=0. We can then conclude that

AC'A'v =0. (7)

This would imply that ¥/ACx'A’v¥ = 0. Since Cy' is invertible, this would imply
that A’v = 0. Since the rows of A are linearly independent, it must be that v = 0.
Thus A is full rank and Y is a Gaussian random vector. [Continued]



Problem 8.5.14 Solution

(Continued 3)

(c) We note that By Theorem 8.11, the Gaussian vector Y = AX has covariance matrix

Sines (Ox') = Ty,

A'=[A" (ACKY)] =[A" Cx'A].

C = ACxA'. (8)

(9)

Applying this result to Equation (8) yields

C=licg

—Agx

Since AA' =0,

C

0

We see that C is block diagonal covariance matrix.

_ [ACXA’ 0

[ACx A’

a 1] Cx [A! C5lAY]

x ] [A' C)_(lA’]
AA’ ]

AA’

_[oy o
Ac,;lfy]—[o c?} (11)

From the claim of Prob-

lem 8.5.13, we can conclude that Y and Y are independent Gaussian random

vectors.



Problem 8.6.2 Solution

(a) The covariance matrix Cx has Var[X;] = 25 for each diagonal entry. For i # j, the
7,7th entry of Cx is

ij — [)X:,Xj\/var[Xi] \/al’[Xj]

= (0.8)(25) = 20 (1)
The covariance matrix of X is a 10 x 10 matrix of the form
[25 20 ... 20]
Cx = 250 25 ‘ 2.0 ' ()
20 --- 20 25|
(b) We observe that
Y =[1/10 1/10 --- 1/10] X = AX. (3)

Since Y is the average of 10 iid random variables, E[Y] = E[X;] = 5. Since Y is a
scalar, the 1 x 1 covariance matrix Cy = Var[Y]. By Theorem 8.8, the variance of
Y is
Var[Y] = Cy = ACxA’ = 20.5. (4)
Since Y is Gaussian,
Y -5 25 = 20.5

2 = $(0.9939) = 0.8399. 5
v20.5 205 ( ) (%)

PlY <25]=P




Problem 9.1.1 Solution

Let Y = X1 — X>».
(a) Since Y = X7+ (—=X»), Theorem 9.1 says that the expected value of
the difference is

EY] =E[X1]+E[-X2] =E[X] -E[X]=0. (1)
(b) By Theorem 9.2, the variance of the difference is

Var[Y] = Var[X;] 4+ Var[-X5»] = 2 Var[X]. (2)



Problem 9.2.2 Solution

(a) By summing across the rows of the table, we see that J has PMF

0.6 j=—2,
P;j(j) = {04 j=-1, (1)
0  otherwise.

The MGF of J is ¢s(s) = E[e*!] = 0.6e72° + 0.4e°.
(b) Summing down the columns of the table, we see that K has PMF

(0.7 k= -1,
02 E=10
Pk} = ‘ 2
*F =01 k=1, (2)
\O otherwise.

The MGF of K is ¢x(s) = 0.7e~*+ 0.2 + 0.1¢°.
(c) To find the PMF of M = J + K, it is easist to annotate each entry in the table
with the coresponding value of M:

Prx(G k)|  k=-1 k=0 k=1
j=-2 [042(M = —3) 0.12(M = —2) 0.06(M = —1) (3)
j=—1 |028(M=-2) 0.08(M=—-1) 0.04(M = 0)

[Continued]



Problem 9.2.4 Solution

Using the moment generating function of X, ¢x(s) = e ?s°/2 \We can
find the nth moment of X, E[X"] by taking the nth derivative of ¢x(s)
and setting s = 0.

E[X] = 02se7°%°/2| =o, (1)

s=0
E [XQ} e BT a2 1-5ts% g2 = ol (2)

s=0

Continuing in this manner we find that

E [X3] = (30%s +0%3) e”**/2| =0, (3)
s=0
E [X%] = (30* + 606952 + 0%s*) 75/2|  =305% (4)
s=0

[Continued]



Problem 9.2.4 Solution (Continued 2)

To calculate the moments of Y, we define Y = X4 so that Y is Gaussian
(i, o). In this case the second moment of Y is

E[Y? ] =E[(X+w? =E[X*+2uX + 4| =0 +4%  (5)

Similarly, the third moment of Y is
e [V =[x+ 7

= E [ X3 +3uX? + 352X + 1°] = 3u0” + 4%, (6)
Finally, the fourth moment of Y is
e [y =[x+

—E [X“ +auXx3 +6u2X2 4+ 4u3x 4+
= 30% 4 6p%c? + u*. (7)



Problem 9.2.5 Solution

The PMF of K is

Lim 8= 12 voeiBs

- X
e {0 otherwise. (1)
The corresponding MGF of K is

1 .

brc(s) = E 0] = 2 (¢ e 4o 40¥)
= e_(1+63+623—|—---—|—e(n_1)3)

n

es(ens _ 1)

n(es — 1) (2)

We can evaluate the moments of K by taking derivatives of the MGF. Some algebra
will show that

d¢K(8) B ne(nt2)s _ (n 4 l)e(n—l—l)s + e (3)
ds n(es — 1)2 '

Evaluating d¢x(s)/ds at s = 0 yields 0/0. [Continued]



Problem 9.2.5 Solution (Continued 2)

Hence, we apply I'HOpital’'s rule twice (by twice differentiating the numerator and twice
differentiating the denominator) when we write

doi(s) . n(n 4+ 2)e(rt2)s _ (n 4 1)2e(ntl)s 4 os
ds | 50 2n(es — 1)
e n(n 4+ 2)2e(+2s _ (n 4 1)3ents | s
s—0 2nes
= (n+1)/2. (4)
A significant amount of algebra will show that the second derivative of the MGF is
d?Pr ()

ds?
B n2€(n+3)s o (2%2 + 2n — 1)e(n+2)s 1 (?’IL 3+ 1)2€(n+1)s o 628 —eS

a n(es — 1)3 ' (5)

Evaluating d?¢x(s)/ds? at s = 0 yields 0/0. [Continued]




Problem 9.2.5 Solution (Continued 3)

Because (e*—1)2 appears in the denominator, we need to use I'Hopital’s rule three times
to obtain our answer.

d?px (s)
de? |op
_ i (4 3)%e0Hs — (902 + 2n — 1)(n 4+ 2)% 2 + (n 4+ 1)° — e —¢f
30 6nes
_n?(n+3)°— 20?4+ 20— 1)(n+2)°+(n+1)° -9
B on
=(@n+1)(n+1)/6. (6)

We can use these results to derive two well known results. We observe that we can
directly use the PMF Px(k) to calculate the moments

E [K] :%;;k E [K?] =%kz_:1k2. (7)

Using the answers we found for E[K] and E[K?], we have the formulas

ikzn(n;— 1)’ Xn:k2=n(n+ 1)6(2n+ 1)- 8)
k=1 k=1



Problem 9.3.5 Solution

K; has PMF

2ke—2/k! k=0,1,2,...,
0 otherwise.

P = { (1)

Let Ri=Ki1+ Ko+ ...+ K;

(a) From Tabl(e 9.)1, we find that the Poisson (a« = 2) random variable K has MGF
Pr(s) = ete- 1),

(b) The MGF of R; is the product of the MGFs of the K;'s.

br.(5) = [] dx(s) = 0. (2)
n=1

(c) Since the MGF of R; is of the same form as that of the Poisson with parameter,
o = 2i. Therefore we can conclude that R; is in fact a Poisson random variable
with parameter o« = 2:¢. That is,

)re 2 /pl  p=
{(()2 ) / I O’ 172, ? (3)

Pp o
R (7) otherwise.

(d) Because R; is a Poisson random variable with parameter o« = 2i, the mean and
variance of R; are then both 2i.



Problem 9.4.4 Solution

In Theorem 9.7, we learned that a sum of iid Poisson random variables is a Poisson
random variable. Hence W, is a Poisson random variable with mean E[W,,] = nE[K] = n.
Thus W,, has variance Var[W,] = n and PMF

We Blw!  w=10; 1,2, :05
Ve = il
w. () {O otherwise. (L)
All of this implies that we can exactly calculate
P[W,=n] = Pw,(n) =n"e"/nl (2)

Since we can perform the exact calculation, using a central limit theorem may seem
silly; however for large n, calculating n™ or n! is difficult for large n. Moreover, it’'s
interesting to see how good the approximation is. In this case, the approximation is

P[Wr=mn] =P [n<W,<n]
N n+05—n n—05—n
”‘D( NG )‘q’( VT )
zzqa(%)—l. (3)

The comparison of the exact calculation and the approximation are given in the following
table.

PWo=n] |n=1 n=4 n=16 n=64
exact 0.3679 0.1954 0.0992 0.0498 (4)
approximate | 0.3829 0.1974 0.0995 0.0498




Problem 9.4.8 Solution

We start by finding E[V] and Var[V] as follows.
E[V] =E[20-10W3]| =20 - 10E |W?|
1 1
— 20— 10/ w3 dw
-1 2

4
:20—10(“’

and
Var[V] = :(v —E [V])Q}

- (20 —_10W3 — 20)2]

: 1 100
= E [100W°] = 50/ 1w6dw o

1
= 20.

(1)

(2)

To use a central limit theorem approximation, we find the expected value

and variance of X.

[Continued]



Problem 9.4.8 Solution (Continued 2)

EWVi]+E[Va]+ -+ E[V30]

E[X] = = = 5E[V] = 100. (3)
Since the V; are iid,
var[x) = VarlVi £ - Voo
_ Var[Vi] + -+ + Var[Vag] _ 30 Var[V] = 250. (4)
36 36 21

Since X is a sum of 30 iid random variables, it is reasonable to make the
central limit theorem approximation

X — E[X] 95 — E [X]

v/ Var[X] v/ Var[X]

05 — 100}

P[X >095] =P

~ 4/250/21

— (_ E) = ®(V/2.1) = 0.9264. (5)

10



Problem 9.4.11 Solution

(a) On quiz i, your score X; is the sum of n = 10 independent Bernoulli trials and so
X; is a binomial (n = 10,p = 0.8) random variable, which has PMF

Pr(o) = (1) 0.8)7(0.2)1°, (1)
(b) First we note that E[X;] = np = 8 and that
Var[X;] = np(1l —p) = 10(0.8)(0.2) = 1.6. (2)

Since X is a scaled sum of 100 Bernoulli trials, it is appropriate to use a central
limit theorem approximation. All we need to do is calculate the expected value and
variance of X:

10

px =E[X]=0.01) E[X]=058, (3)
i=1
10
0% = Var[X] = (0.01)? Var Z)g]
=1
10
=10"") Var[X;] =16 x 107*. (4)
t=1

[Continued]



Problem 9.4.11 Solution (Continued 2)

To use the central limit theorem, we write

P[A]=P[X >009] =P [X_“X > O'Q_MX]
Ox ox
09— 0.8]
= 0.04
=P[Z>25] = Q(2.5). (5)

A nicer way to do this same calculation is to observe that

%P[Z

10
P[A]=P[X >09]=P [Z)gzgo
=1

. (6)

Now we define W = $°1°, X; and use the central limit theorem on W. In this case,
E[W] = 10E [X;] = 80, Var[W] = 10 Var[X;] = 16. (7)

Our central limit theorem approximation can now be written as

W — 80 S 90 — 80}

P[A]:P[W290]:P[

Vvie ~— V16
~P[Z > 25] = Q(2.5). (8)

We will see that this second approach is more useful in the next problem. [Continued]



Problem 9.4.11 Solution (Continued 3)

(c) With n attendance quizzes,
P[A] =P [X' >0.9]
10
=P {10n+ZX@'Z9n+90] =P[W >90—n],
=1

where W = 22.121 X; is the same as in the previous part. Thus

PlA] =P

vVvar[W] — /Var[W]
=0 (10 a ") = Q(2.5 — 0.25n).

W — E [W] >90—n—E[W]]

4
(d) Without the scoring change on quiz 1, your grade will be based on
= 8+Z¢1§2X¢ _8+Y

100 100
With the corrected scoring, your grade will be based on

94+ X, 94V
100 100

X' = 0.01 4 X.

(9)

(10)

(11)

(12)

[Continued]






