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Classification Problem

• There are 𝑀 classes: 𝜔1, … , 𝜔𝑀

• Given a pattern with feature vector 𝐱, 

classify it into one of the classes



BAYESIAN CLASSIFICATION



Bayesian Classification Rule

• Classify 𝐱 into 𝜔𝑖 if                               (1)    

𝑃 𝜔𝑖 𝐱 > 𝑃 𝜔𝑗 𝐱

for all 𝑗



Bayesian Classification Rule

• Classify 𝐱 into 𝜔𝑖∗ where                        (2)

𝑖∗ = argmax
𝑖

𝑃 𝜔𝑖 𝐱

– 𝑃(𝜔𝑖): 𝑎 𝑝𝑟𝑖𝑜𝑟𝑖 probability

– 𝑃 𝜔𝑖 𝐱 : a posteriori probability

– 𝑃 𝐱 𝜔𝑖 : likelihood of 𝜔𝑖 with respect to 𝐱

– Bayesian decision is also called maximum a 

posteriori (MAP) decision



Bayesian Classification Rule

• Bayes rule

𝑃 𝜔𝑖 𝐱 =
𝑃 𝐱 𝜔𝑖 𝑃(𝜔𝑖)

𝑃 𝐱
=

𝑃 𝐱 𝜔𝑖 𝑃(𝜔𝑖)

σ𝑗 𝑃 𝐱 𝜔𝑗 𝑃(𝜔𝑗)

• Classify 𝐱 into 𝜔𝑖∗ where                                     (3)

𝑖∗ = argmax
𝑖

𝑃 𝐱 𝜔𝑖 𝑃(𝜔𝑖)

• When all prior probabilities are identical, this 
becomes
– Classify 𝐱 into 𝜔𝑖∗ where

𝑖∗ = argmax
𝑖

𝑃 𝐱 𝜔𝑖

– This is the maximum likelihood (ML) decision



Bayesian Classification Rule



Bayesian classifier minimizes 

classification error probability

• Two-class problem 

– Classification error probability

𝑃𝑒 = 𝑃 𝐱 ∈ 𝑅2, 𝜔1 + 𝑃 𝐱 ∈ 𝑅1, 𝜔2

– To minimize 𝑃𝑒 ,

𝑅1 = {𝐱: 𝑃 𝜔1 𝐱 > 𝑃 𝜔2 𝐱 }
𝑅2 = {𝐱: 𝑃 𝜔1 𝐱 < 𝑃 𝜔2 𝐱 }

• The Bayesian classifier is optimal in that it 

minimizes 𝑃𝑒



Discriminant Functions and 

Decision Surfaces

• If 𝑅𝑖 , 𝑅𝑗 are contiguous, they are separated by a 

decision surface

𝑃 𝜔𝑖 𝐱 − 𝑃 𝜔𝑗 𝐱 = 0

• Equivalently, the decision surface is given by 

𝑔𝑖 𝐱 − 𝑔𝑗 𝐱 = 0

where 𝑔𝑖 𝐱 ≡ 𝑓 𝑃 𝜔𝑖 𝐱 is a discriminant    

function and 𝑓 is monotonically increasing



Bayesian Classification for Normal 

Distributions

• Multivariate Gaussian PDF

𝑃 𝐱 =
1

2𝜋
𝑙
2 Σ

1
2

exp −
1

2
𝐱 − 𝛍 𝑇Σ−1 𝐱 − 𝛍

where 𝛍 = 𝐸 𝐱 is the mean vector        

Σ = 𝐸 𝐱 − 𝛍 𝐱 − 𝛍 𝑇 is the covariance 

matrix



Bayesian Classification for Normal 

Distributions

• Multivariate Gaussian PDF

Σ =
3 0
0 3



Bayesian Classification for Normal 

Distributions

• Multivariate Gaussian PDF

Σ =
15 0
0 3



Bayesian Classification for Normal 

Distributions

• Multivariate Gaussian PDF

Σ =
3 0
0 15



Bayesian Classification for Normal 

Distributions

• Multivariate Gaussian PDF

Σ =
15 6
6 3



Normal Distributions

• 𝑃 𝐱 ~𝑁(𝛍, Σ)

𝑃 𝐱 =
1

2𝜋
𝑙
2 Σ

1
2

exp −
1

2
𝐱 − 𝛍 𝑇Σ−1 𝐱 − 𝛍

where 𝛍 = 𝐸 𝐱 and Σ = 𝐸 𝐱 − 𝛍 𝐱 − 𝛍 𝑇

• Σ is symmetric and positive definite, and thus its eigenvalue 

decomposition

Σ = QΛQ𝑇

is possible

• A contour line of equal probability density

𝐱 − 𝛍 𝑇Σ−1 𝐱 − 𝛍 = 1

– It is a hyper-ellipsoid

– Its principal axes are given by the eigenvectors 𝐯1, … , 𝐯𝑙 of Σ

– Its axes have lengths 𝜆1, … , 𝜆𝑙

– The main axis with length 𝜆1 is in the direction of 𝐯1



Bayesian Classification for Normal 

Distributions

• Discriminant function
𝑔𝑖 𝐱 = log 𝑃( 𝐱 𝜔𝑖 𝑃 𝜔𝑖

= −
1

2
𝐱 − 𝛍𝑖

𝑇Σ𝑖
−1 𝐱 − 𝛍𝑖 + 𝐶𝑖

• Thus, decision surfaces are quadrics 

(ellipsoids, parabolas, hyperbolas, and 

pairs of lines)



Bayesian Classification for Normal 

Distributions



Bayesian Classification for Normal 

Distributions



Special Case I: Σ𝑖 = 𝜎2I

• Decision hyperplane

𝑔𝑖𝑗 𝐱 = 𝐰𝑇 𝐱 − 𝐱0 = 0

– 𝐰 = 𝛍𝑖 − 𝛍𝑗

– 𝐱0 =
1

2
𝛍𝑖 + 𝛍𝑗 − 𝜎2 ln

𝑃 𝜔𝑖

𝑃 𝜔𝑗

𝛍𝑖−𝛍𝑗

𝛍𝑖−𝛍𝑗
𝟐



Special Case I: Σ𝑖 = 𝜎2I


