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Nonlinear Classifiers

We now deal with problems that are not linearly 

separable and for which the design of a linear 

classifier does not lead to satisfactory performance



ONE! TWO! THREE!



One-Layer Perceptron

• XOR problem is not linearly separable



One-Layer Perceptron

• AND and OR problems are linearly separable

1-layer perceptron 
implementation



Two-Layer Perceptron

• XOR problem: solve it in two successive phases

– 1st phase (or layer) uses two lines



Two-Layer Perceptron

• XOR problem: solve it in two successive phases

– 2nd phase



Two-Layer Perceptron

• XOR problem: solve it in two successive phases
– 2-layer perceptron (or 2-layer feedforward neural network)

• 𝑔1 𝐱 = 𝑥1 + 𝑥2 −
1

2
= 0

• 𝑔2 𝐱 = 𝑥1 + 𝑥2 −
3

2
= 0

• 𝑔 𝐲 = 𝑦1 − 𝑦2 −
1

2
= 0

−𝟏



Two-Layer Perceptron

• Terminology

– 2-layer perceptron (or 2-layer feedforward neural network)

−𝟏

hidden
layer

output
layer

input
layer

(non-processing)



Two-Layer Perceptron

• Classification capabilities of two-layer perceptron

– 1st layer maps input to vertices of the unit hypercube

𝐻𝑝 = 𝑦1, … , 𝑦𝑝
𝑇
∈ ℝ𝑝: 𝑦𝑖 ∈ 0, 1 for 1 ≤ 𝑖 ≤ 𝑝

– An output of 1st layer corresponds to a polyhedron 



Two-Layer Perceptron

• Classification capabilities of two-layer perceptron

– 2nd layer detects a union of selected polyhedra



Two-Layer Perceptron

• Classification capabilities of two-layer perceptron

Two-layer perceptron can detect a class, which consists 

of a union of polyhedral regions, but not any union of 

such regions



Three-Layer Perceptron

• Classification capabilities of three-layer perceptron

Three-layer perceptron can detect a class, which consists 

of any union of polyhedral regions



Three-Layer Perceptron

• Classification capabilities of three-layer perceptron

– In 2nd layer, for each neuron, the synaptic weights are chosen so 

that the realized hyperplane leaves only one of the 𝐻𝑝 vertices 

on one side and all the rest on the other

– 3rd layer implements OR gate

2nd layer 3rd layer1st layer



Three-Layer Perceptron

• Classification capabilities of three-layer perceptron

– 1st layer detects half-spaces

– 2nd layer detects polyhedra

– 3rd layer detects a class, which is  any union of polyhedra

polyhedron classhalf-space



BACKPROPAGATION 

ALGORITHM



Multilayer Perceptron Design

• Design a multilayer perceptron

– Fix an architecture, and optimize the synaptic weights

– To use the gradient descent scheme, we need a 

continuous activation function

• Logistic function (instead of 𝛿(𝑥))

– 𝑓 𝑥 =
1

1+exp(−𝑎𝑥)

– 𝑓 𝑥 =
2

1+exp(−𝑎𝑥)
− 1

– 𝑓 𝑥 = 𝑐
1−exp(−𝑎𝑥)

1+exp(−𝑎𝑥)
= 𝑐 tanh(

𝑎𝑥

2
)



Architecture and Formulation

• 𝐿 layers and 𝑘𝑟 neurons in the 𝑟th layer (𝑟 = 1,… , 𝐿)
– 𝑘0 = 𝑙 nodes in the input layer

– 𝑘𝐿 output neurons

• 𝑁 training pairs, (𝐲 𝑖 , 𝐱 𝑖 ), 𝑖 = 1,… ,𝑁, are available

– 𝐲 𝑖 = 𝑦1 𝑖 , … , 𝑦𝑘𝐿 𝑖
𝑇

– 𝐱 𝑖 = 𝑥1 𝑖 , … , 𝑥𝑘0 𝑖
𝑇

• During training, the actual output ො𝐲(𝑖) is different from 

the desired one 𝐲 𝑖

• Compute the synaptic weights to minimize

𝐽 =෍

𝑖=1

𝑁

ℇ(𝑖)

ℇ 𝑖 =
1

2
෍

𝑚=1

𝑘𝐿

𝑒𝑚
2 (𝑖) ≡

1

2
෍

𝑚=1

𝑘𝐿

ො𝑦𝑚 𝑖 − 𝑦𝑚 𝑖
2



Definition of Variables

Weight vector for the

𝑗th neuron in the 𝑟th layer

𝐰𝑗
𝑟 = [𝑤𝑗0

𝑟 , 𝑤𝑗1
𝑟 , … , 𝑤𝑗𝑘𝑟−1

𝑟 ]

𝑣𝑗
𝑟 𝑖 = ෍

𝑘=0

𝑘𝑟−1

𝑤𝑗𝑘
𝑟 𝑦𝑘

𝑟−1(𝑖)



Gradient Descent

𝐰𝑗
𝑟 new = 𝐰𝑗

𝑟 old + ∆𝐰𝑗
𝑟

∆𝐰𝑗
𝑟 = −μ

𝜕𝐽

𝜕𝐰𝑗
𝑟=−μσ𝑖=1

𝑁 𝛿𝑗
𝑟 𝑖 𝐲𝑟−1(𝑖)

This is because


𝜕ℇ 𝑖

𝜕𝐰𝑗
𝑟 =

𝜕ℇ 𝑖

𝜕𝑣𝑗
𝑟(𝑖)

𝜕𝑣𝑗
𝑟(𝑖)

𝜕𝐰𝑗
𝑟 = 𝛿𝑗

𝑟 𝑖 𝐲𝑟−1(𝑖)

 𝑣𝑗
𝑟 𝑖 = σ𝑘=0

𝑘𝑟−1𝑤𝑗𝑘
𝑟 𝑦𝑘

𝑟−1(𝑖) = 𝐰𝑗
𝑟 𝑇

𝐲𝑟−1(𝑖)


𝜕ℇ 𝑖

𝜕𝑣𝑗
𝑟(𝑖)

≡ 𝛿𝑗
𝑟 𝑖



Computing 𝛿𝑗
𝑟 𝑖

1. 𝑟 = 𝐿

𝛿𝑗
𝐿 𝑖 = 𝑒𝑗 𝑖 𝑓

′ 𝑣𝑗
𝐿 𝑖

2. 𝑟 − 1 < 𝐿

𝛿𝑗
𝑟−1 𝑖 = 𝑒𝑗

𝑟−1(𝑖)𝑓′ 𝑣𝑗
𝑟−1 𝑖

where 

𝑒𝑗
𝑟−1 𝑖 = ෍

𝑘=1

𝑘𝑟

𝛿𝑘
𝑟 𝑖 𝑤𝑘𝑗

𝑟



𝑣𝑘
𝑟𝑦𝑗

𝑟−1𝑣𝑗
𝑟−1

𝑤1𝑗
𝑟

𝑤𝑘𝑗
𝑟

𝑤𝑘𝑟𝑗
𝑟

𝑣1
𝑟

𝑣𝑘𝑟
𝑟

𝛿𝑗
𝑟−1 𝑖 = 𝑒𝑗

𝑟−1(𝑖)𝑓′ 𝑣𝑗
𝑟−1 𝑖 where 𝑒𝑗

𝑟−1 𝑖 = σ𝑘=1
𝑘𝑟 𝛿𝑘

𝑟 𝑖 𝑤𝑘𝑗
𝑟



Backpropagation Algorithm

• 𝐈𝐧𝐢𝐭𝐢𝐚𝐥𝐢𝐳𝐚𝐭𝐢𝐨𝐧: Initialize all weights with small random 

values.

• 𝐅𝐨𝐫𝐰𝐚𝐫𝐝 𝐜𝐨𝐦𝐩𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬: For each training vector 

𝐱 𝑖 , compute all 𝑣𝑗
𝑟 𝑖 , 𝑦𝑗

𝑟 𝑖 = 𝑓 𝑣𝑗
𝑟 𝑖 . Compute the 

cost function for the current estimate of weights.

• 𝐁𝐚𝐜𝐤𝐰𝐚𝐫𝐝 𝐜𝐨𝐦𝐩𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬:
– First, 

𝛿𝑗
𝐿 𝑖 = 𝑒𝑗 𝑖 𝑓

′ 𝑣𝑗
𝐿 𝑖

– Then, for 𝑟 = 𝐿, 𝐿 − 1,… , 2,

𝛿𝑗
𝑟−1 𝑖 = 𝑒𝑗

𝑟−1(𝑖)𝑓′ 𝑣𝑗
𝑟−1 𝑖 where 𝑒𝑗

𝑟−1 𝑖 = σ𝑘=1
𝑘𝑟 𝛿𝑘

𝑟 𝑖 𝑤𝑘𝑗
𝑟

• 𝐖𝐞𝐢𝐠𝐡𝐭 𝐮𝐩𝐝𝐚𝐭𝐞:
𝐰𝑗
𝑟 new = 𝐰𝑗

𝑟 old + ∆𝐰𝑗
𝑟

∆𝐰𝑗
𝑟 = −μ෍

𝑖=1

𝑁

𝛿𝑗
𝑟 𝑖 𝐲𝑟−1(𝑖)



Remarks

• Termination

– Cost function 𝐽 becomes smaller than a threshold

– Its gradients become small as compared with the weights

• Setting the learning constant 𝜇
– Tradeoff between fast convergence and overshooting

– It depends on the shape of 𝐽

• Local minimum

– Reinitialization



Remarks

• Batch mode vs pattern (online) mode

– Batch mode

𝐰𝑗
𝑟 new = 𝐰𝑗

𝑟 old − μ෍

𝑖=1

𝑁

𝛿𝑗
𝑟 𝑖 𝐲𝑟−1(𝑖)

• Well-behaved convergence due to the averaging

– Pattern mode
𝐰𝑗

𝑟 𝑖 + 1 = 𝐰𝑗
𝑟 𝑖 − μ𝛿𝑗

𝑟 𝑖 𝐲𝑟−1 𝑖

• Randomness is helpful for avoiding local minima

• White noise may be added to training data

• In each epoch (one complete presentation of all 𝑁 training pairs), the 

presentation order is randomized

• Testing is computationally more efficient than training



ISSUES IN MULTI-LAYER 

PERCEPTRON



Variations

• Momentum term

Δ𝐰𝑗
𝑟 new = 𝛼Δ𝐰𝑗

𝑟 old − μ෍

𝑖=1

𝑁

𝛿𝑗
𝑟 𝑖 𝐲𝑟−1(𝑖)

𝐰𝑗
𝑟 new = 𝐰𝑗

𝑟 old + Δ𝐰𝑗
𝑟 new

– Momentum factor 𝛼 ∈ [0.1, 0.8]



Variations

• Adaptive learning factor

𝜇 𝑡 =

1.05𝜇 𝑡 − 1 if
𝐽 𝑡

𝐽 𝑡 − 1
< 1

0.7𝜇(𝑡 − 1) if
𝐽 𝑡

𝐽 𝑡 − 1
> 1.04

𝜇(𝑡) otherwise



Alternate Cost Functions

• Recall the least squares cost function

𝐽 =
1

2
෍

𝑖=1

𝑁

෍

𝑘=1

𝑘𝐿

ො𝑦𝑘 𝑖 − 𝑦𝑘 𝑖
2

• Assume

– 𝑦𝑘 : desired class probability

– ො𝑦𝑘 : obtained class probability with the softmax

activation

ො𝑦𝑘 =
exp(𝑣𝑘

𝐿)

σ𝑘′ exp(𝑣𝑘′
𝐿 )

- Cross-entropy cost function

𝐽 = −෍

𝑖=1

𝑁

෍

𝑘=1

𝑘𝐿

𝑦𝑘(𝑖) ln
ො𝑦𝑘 𝑖

𝑦𝑘 𝑖



Alternate Cost Functions

• Cross-entropy cost function with softmax activation

𝐽 = −෍

𝑖=1

𝑁

෍

𝑘=1

𝑘𝐿

𝑦𝑘(𝑖) ln
ො𝑦𝑘 𝑖

𝑦𝑘 𝑖

– This is minimized when ෝ𝒚 = 𝒚

– If 𝑦𝑘 is binary

𝐽 = −෍

𝑖=1

𝑁

෍

𝑘=1

𝑘𝐿

𝑦𝑘(𝑖) ln ො𝑦𝑘 𝑖

– In the backpropagation, 

𝛿𝑗
𝐿 = ො𝑦𝑗 − 𝑦𝑗



Network Size

• The smaller, the better

– Generalization performance

• When there are a large number of free parameters, 

the network tends to adapt to the particular details 

of the specific training set

– Computational efficiency

• For both training and testing

• Recent trend

– Large network with big data



Network Size

• Analytical method for selecting the number of 

neurons

– Ex) In the 𝑙-dimensional feature space, a single hidden 

layer with 𝐾 neurons can form a maximum of 𝑀
polyhedral regions, 

𝑀 = ෍

𝑚=0

𝑙

𝐾
𝑚

where
𝐾
𝑚

= 0 for 𝐾 < 𝑚



Network Size

• Pruning method I

1. Train the network using the backpropagation algorithm for a 

number of iteration steps so that its cost function is reduced 

sufficiently 

2. For the current weight estimates, compute the respective 

saliency values and remove those weights with small saliencies

3. Continue the training process with the remaining weights

• Computing the saliency 𝑠𝑖

𝑠𝑖 =
𝑏𝑖𝑖𝑤𝑖

2

2

– 𝛿𝐽 ≅ σ𝑖 𝑔𝑖 𝛿𝑤𝑖 +
1

2
σ𝑖 𝑏𝑖𝑖𝛿𝑤𝑖

2 +
1

2
σ 𝑖,𝑗
𝑖≠𝑗

𝑏𝑖𝑗𝛿𝑤𝑖𝛿𝑤𝑗 ≅
1

2
σ𝑖 𝑏𝑖𝑖𝛿𝑤𝑖

2

where 𝑔𝑖 =
𝜕𝐽

𝜕𝑤𝑖
, 𝑏𝑖𝑗 =

𝜕2𝐽

𝜕𝑤𝑖𝜕𝑤𝑗
(backpropagation)



Network Size

• Pruning method II

1. Train the network using the backpropagation algorithm for a 

number of iteration steps so that its cost function is reduced 

sufficiently

𝐽 =෍

𝑖=1

𝑁

ℰ(𝑖) + 𝛼ℰ𝑝 𝐰

• Regularization term ℰ𝑝 𝐰 = σ𝑘=1
𝐾 ℎ 𝑤𝑘

2 where ℎ 𝑤2 =
𝑤2

𝑤0
2+𝑤2

2. Prune the weights that are smaller than a pre-specified 

threshold

3. Continue the training process with the remaining weights



Overtraining

• Similar to overfitting

• To avoid it, divide an available dataset into training 

and validation sets and validate the system



Simulation Example

• 3-layer perceptron (3, 2, 1 neurons in 1st, 2nd, 3rd layers)

– 𝜇 = 0.05, 𝛼 = 0.85

– The momentum with adaptive 𝜇 is faster than the ordinary 

momentum



Simulation Example

• 3-layer perceptron (3, 2, 1 neurons in 1st, 2nd, 3rd layers)

– 𝜇 = 0.05, 𝛼 = 0.85

– The momentum with adaptive 𝜇 is faster than the ordinary 

momentum



Simulation Example

• 3-layer perceptron (20, 20, 1 neurons in 1st, 2nd, 3rd layers)

– Saliency-based pruning: 480 parameters to 25 parameters



Network with Weight Sharing

• Ex) Convolutional neural network (CNN)



Convolutional Neural Network



DECISION TREES



Multistage Decision System 

- A Sequence of Decisions

OBCT: Ordinary Binary Classification Tree
Each decision splits the space into 
two hyper-rectangles 



OBCT Training

• Set of questions

– Each node 𝑡 is associated with a subset 𝑋𝑡 of 

the training set 𝑋

– It is partitioned into 𝑋𝑡𝑌 and 𝑋𝑡𝑁 by a question

• 𝑋𝑡𝑌 ∩ 𝑋𝑡𝑁 = ∅ and 𝑋𝑡𝑌 ∩ 𝑋𝑡𝑁 = 𝑋𝑡

– What is the set of possible questions?

• Splitting criterion

• Stop-splitting rule

• Class assignment rule



OBCT Training

• Set of questions

– Note that this set is finite

• Splitting criterion

– Impurity of node 𝑡

𝐼 𝑡 = −෍

𝑖=1

𝑀

𝑃 𝜔𝑖 𝑡 log 𝑃(𝜔𝑖|𝑡)

– Impurity decrease after the splitting

Δ𝐼 𝑡 = 𝐼 𝑡 −
𝑁𝑡𝑌
𝑁𝑡

𝐼 𝑡𝑌 −
𝑁𝑡𝑁
𝑁𝑡

𝐼(𝑡𝑁)

– Select the question with the maximum Δ𝐼 𝑡





OBCT Training

• Stop-splitting rule: Stop if 

– the maximum Δ𝐼 𝑡 is less than a threshold, or

– 𝑋𝑡 is small enough, or

– 𝑋𝑡 is pure

• Class assignment rule
𝑗 = argmax

𝑖
𝑃(𝜔𝑖|𝑡)



OBCT Training

• Begin with the root node 𝑋𝑡 = 𝑋

• For each new node 𝑡
– For every feature 𝑥𝑘 , 𝑘 = 1,… , 𝑙

• For every value 𝛼𝑛, 𝑛 = 1,… , 𝑁𝑡𝑘
– Generate 𝑋𝑡𝑌 and 𝑋𝑡𝑁 according to 𝑥𝑘 𝑖 ≤ 𝛼𝑛, 𝑖 = 1, … , 𝑁𝑡
– Compute the impurity decrease

• End

• Choose 𝛼𝑛 with the maximum impurity decrease

– End

– Choose 𝑥𝑘∗ and 𝛼∗

– If the stop-splitting rule is met
• Declare 𝑡 as a leaf and designate it with a class label

– Else
• Generate nodes 𝑡𝑌 and 𝑡𝑁 according to 𝑥𝑘∗ 𝑖 ≤ 𝛼∗

• End



OBCT: Remarks

• Tree size must be large enough but not too large
– Grow a tree up to a large size first and then prune it

• Improving tree classifiers
– High variance issue: a small change in the training 

data set result in a very different tree

– Bagging (bootstrap aggregating)
• Create variants 𝑋1, … , 𝑋𝐵 of the training set 𝑋, by sampling 

with replacement

• For each variant, design a tree 

• The final decision is obtained by the majority rule using votes 
from the B decision trees

– Random forests use the idea of bagging with 
random feature selection



COMBINING CLASSIFIERS



Given 𝑃𝑗 𝜔𝑖 𝐱 , find an improved estimate 𝑃 𝜔𝑖 𝐱



Geometric Average Rule

𝑃 𝜔𝑖 𝐱 = 𝐶ෑ

𝑗=1

𝐿

(𝑃𝑗 𝜔𝑖 𝑥 )
1
𝐿

• Note that this minimizes

𝐷 =
1

𝐿
෍

𝑗=1

𝐿

෍

𝑖=1

𝑀

𝑃 𝜔𝑖 𝐱 log
𝑃 𝜔𝑖 𝐱

𝑃𝑗 𝜔𝑖 𝐱



Arithmetic Average Rule

𝑃 𝜔𝑖 𝐱 =
1

𝐿
෍

𝑗=1

𝐿

𝑃𝑗(𝜔𝑖|𝐱)

• Note that this minimizes

𝐷 =
1

𝐿
෍

𝑗=1

𝐿

෍

𝑖=1

𝑀

𝑃𝑗 𝜔𝑖 𝐱 log
𝑃𝑗 𝜔𝑖 𝐱

𝑃 𝜔𝑖 𝐱



Majority Voting Rule

• Decides in favor of the class, when at least 𝑙𝑐 classifiers agree on the 

class label 

𝑙𝑐 =

𝐿

2
+ 1 𝐿 even

𝐿 + 1

2
𝐿 odd

• Assumption

1. The number of classifers 𝐿 is odd

2. Each classifier has the same probability 𝑝 of correct classification

3. The decision of each classifier is independent

• Some properties

𝑃𝑐 𝐿 = ෍

𝑚=𝑙𝑐

𝐿

𝐿
𝑚

𝑝𝑚 1 − 𝑝 𝐿−𝑚

– If 𝑝 > 0.5, 𝑃𝑐 𝐿 is monotonically increasing in 𝐿 and 𝑃𝑐 𝐿 → 1 as 𝐿 → ∞

– If 𝑝 < 0.5, 𝑃𝑐 𝐿 is monotonically decreasing in 𝐿 and 𝑃𝑐 𝐿 → 0 as 𝐿 → ∞

– If 𝑝 = 0.5, 𝑃𝑐 𝐿 = 0.5 for all 𝐿


